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ELEMENTARY NOTIONS OF LATTICE TRIGONOMETRY. 



OLEG KARPENKOV 

Abstract. In this paper we study properties of lattice trigonometric functions of lattice angles 
in lattice geometry. We introduce the definition of sums of lattice angles and establish a necessary 
and sufficient condition for three angles to be the angles of some lattice triangle in terms of lattice 
tangents. This condition is a version of the Euclidean condition: three angles are the angles of 
some triangle iff their sum equals tt. Further we find the necessary and sufficient condition for 
an ordered n-tuple of angles to be the angles of some convex lattice polygon. In conclusion we 
show applications to theory of complex projective toric varieties, and a list of unsolved problems 
and questions. 



o 
u 

ri . Contents 

^ ■ 
^ ' Introduction. 2 

0.1. The goals of this paper and some background. 2 

0.2. Some distinctions between lattice and Euclidean cases. 3 

cn ' 0.3. Description of the paper. 3 

^ , 1. Definitions and elementary properties of lattice trigonometric functions. 4 

1.1. Preliminary notions and definitions. 4 

1.2. Definition of lattice trigonometric functions. 5 
"^ \ 1.3. Basic lattice trigonometry of lattice angles in lattice triangles. 9 

2. Theorem on sum of lattice tangents for the ordinary lattice angles of lattice triangles. 



(^ . Proof of its second statement. 10 

"^ \ 2.1. Finite continued fractions with not necessary positive elements. 11 

+-J ■ 2.2. Formulation of the theorem and proof of its second statement. 11 

a 3. Expansion of ordinary lattice angles. The notions of sums for lattice angles. 12 

3.1. On a particular generalization of sails in the sense of Klein. 13 

^ ■ 3.2. Expanded lattice angles. Sums for ordinary and expanded lattice angles. 18 

4. Relations between expanded lattice angles and ordinary lattice angles. Proof of the 
\^ • first statement of Theorem 2.2. 24 

4.1. On relations between continued fractions for lattice oriented broken lines and the 
lattice tangents of the corresponding expanded lattice angles. 24 

4.2. Proof of Theorem 2.2a: two preliminary lemmas. 25 

4.3. Proof of Theorem 2.2a: conclusion of the proof. 28 

4.4. Theorem on sum of lattice tangents for ordinary lattice angles of convex polygons. 30 

5. On lattice irrational case. 31 
5.1. Infinite ordinary continued fractions. 32 



Date: 22 March 2006. 

Key words and phrases. Lattices, continued fractions, convex hulls. 

Partially supported by NWO-RFBR 047.011.2004.026 (RFBR 05-02-89000-NWO_a) grant, by RFBR SS- 
1972.2003.1 grant, by RFBR 05-01-02805-CNRSL_a grant, and by RFBR grant 05-01-01012a. 

1 



OLEG KARPENKOV 

5.2. Ordinary lattice irrational angles. 32 

5.3. Lattice-length sequences for ordinary lattice irrational angles. 32 

5.4. Lattice tangents for ordinary lattice R-irrational angles. 33 

5.5. Lattice arctangent for ordinary lattice R-irrational angles. 33 

5.6. Lattice signed length-sine infinite sequences. 36 

5.7. Proper lattice-congruence of lattice oriented infinite broken lines on the unit 

distance from the lattice points. 36 

5.8. Equivalence classes of almost positive lattice infinite oriented broken lines and 

corresponding expanded lattice infinite angles. 37 

5.9. Revolution number for expanded lattice L- and R-irrational angles. 37 

5.10. Normal forms of expanded lattice R- and L-irrational lattice angles. 39 

5.11. Sums of expanded lattice angles and expanded lattice irrational angles. 42 
Appendix A. On global relations on algebraic singularities of complex projective toric 

varieties corresponding to integer-lattice triangles. 43 
Appendix B. On lattice-congruence criterions for lattice triangles. Examples of lattice 

triangles. 45 

Appendix C. Some unsolved question on lattice trigonometry. 47 

References 49 



Introduction. 

0.1. The goals of this paper and some background. Consider a two-dimensional oriented 
real vector space and fix some full-rank lattice in it. A triangle or a polygon is said to be lattice 
if all its vertices belong to the lattice. The angles of any lattice triangle are said to be lattice. 

In this paper we introduce and study lattice trigonometric functions of lattice angles. The 
lattice trigonometric functions are invariant under the action of the group of lattice-affine trans- 
formations (i.e. affine transformations preserving the lattice), like the ordinary trigonometric 
functions are invariant under the action of the group of Euclidean length preserving transforma- 
tions of Euclidean space. 

One of the initial goals of the present article is to make a complete description of lattice tri- 
angles up to the lattice-affine equivalence relation (see Theorem 2.2). The classification problem 
of convex lattice polygons becomes now classical. There is still no a good description of convex 
polygons. It is only known that the number of such polygons with lattice area bounded from 
above by n growths exponentially in n, while n tends to infinity (see the works of V. Arnold [2], 
and of I. Barany and A. M. Vershik [3]). 

We expand the geometric interpretation of ordinary continued fractions to define lattice sums 
of lattice angles and to establish relations on lattice tangents of lattice angles. Further, we 
describe lattice triangles in terms of lattice sums of lattice angles. 

In present paper we also show a lattice version of the sine formula and introduce a relation 
between the lattice tangents for angles of lattice triangles and the numbers of lattice points on 
the edges of triangles (see Theorem 1.18). In addition, we make first steps in study of non-lattice 
angles with lattice vertices. We conclude the paper with applications to toric varieties and some 
unsolved problems. 
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The study of lattice angles is an imprescriptible part of modern lattice geometry. Invariants 
of lattice angles are used in the study of lattice convex polygons and polytopes. Such polygons 
and polytopes play the principal role in Klein's theory of multidimensional continued fractions 
(see, for example, the works of F. Klein [14], V. I. Arnold [1], E. Korkina [16], M. Kontsevich 
and Yu. Suhov [15], G. Lachaud [17], and the author [10]). 

Lattice polygons and polytopes of the lattice geometry are in the limelight of complex pro- 
jective toric varieties (see for more information the works of V. I. Danilov [4], G. Ewald [5], 
T. Oda [18], and W. Fulton [6]). To illustrate, we deduce (in Appendix A) from Theorem 2.2 
the corresponding global relations on the toric singularities for projective toric varieties associ- 
ated to integer-lattice triangles. We also show the following simple fact: for any collection with 
multiplicities of complex-two-dimensional toric algebraic singularities there exists a complex-two- 
dimensional toric projective variety with the given collection of toric singularities (this result 
seems to be classical, but it is missing in the literature). 

The studies of lattice angles and measures related to them were started by A. G. Khovanskii, 
A. Pukhlikov in [12] and [13] in 1992. They introduced and investigated special additive poly- 
nomial measure for the expanded notion of polytopes. The relations between sum-formulas of 
lattice trigonometric functions and lattice angles in Khovanskii-Pukhlikov sense are unknown to 
the author. 

0.2. Some distinctions betw^een lattice and Euclidean cases. This paper is organized as 
follows. Lattice trigonometric functions and Euclidean trigonometric functions have much in 
common. For example, the values of lattice tangents and Euclidean tangents coincide in a spe- 
cial natural system of coordinates. Nevertheless, lattice geometry differs a lot from Euclidean 
geometry. We provide this with the following 4 examples. 

1. The angles ZABC and ZCBA are always congruent in Euclidean geometry, but not neces- 
sary lattice-congruent in lattice geometry. 

2. In Euclidean geometry for any n > 3 there exist a regular polygon with n vertices, and any 
two regular polygons with the same number of vertices are homothetic to each other. In lattice 
geometry there are only 6 non-homothetic regular lattice polygons: two triangles (distinguished 
by lattice tangents of angles), two quadrangles, and two octagons. (See a more detailed descrip- 
tion in [11].) 

3. Consider three Euclidean criterions of triangle congruence. Only the first criterion can be 
taken to the case of lattice geometry. The others two are false in lattice trigonometry. (We refer 
to Appendix B.) 

4. There exist two non-congruent right angles in lattice geometry. (See Corollary 1.13.) 

0.3. Description of the paper. This paper is organized as follows. 

We start in Section 1 with some general notation of lattice geometry and ordinary continued 
fractions. We define ordinary lattice angles, and the functions lattice sine, tangent, and cosine 
on the set of ordinary lattice angles, and lattice arctangent for rationals greater than 1. Further 
we indicate their basic properties. We proceed with the geometrical interpretation of lattice 
tangents in terms of ordinary continued fractions. We also say a few words about relations of 
transpose and adjacent lattice angles. In conclusion of Section 1 we study of the basic properties 
of angles in lattice triangles. 

In Section 2 we introduce the sum formula for the lattice tangents of ordinary lattice angles of 
lattice triangles. The sum formula is a lattice generalization of the following Euclidean statement: 
three angles are the angles of some triangle iff their sum equals vr. 
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Further in Section 3 we introduce the notion of expanded lattice angles and their normal 
forms and give the definition of sums of expanded and ordinary lattice angles. For the definition 
of expanded lattice angles we expand the notion of sails in the sense of Klein: we define and 
study oriented broken lines on the unit distance from lattice points. 

In Section 4 we finally prove the first statement of the theorem on sums of lattice tangents 
for ordinary lattice angles in lattice triangles. In this section we also describe some relations 
between continued fractions for lattice oriented broken lines and the lattice tangents for the 
corresponding expanded lattice angles. Further we give a necessary and sufficient condition for 
an ordered n-tuple of angles to be the angles of some convex lattice polygon. 

In Section 5 we generalize the notions of ordinary and expanded lattice angles and their sums 
to the case of angles with lattice vertices but not necessary lattice rays. We find normal forms 
and extend the definition of lattice sums for a certain special case of such angles (we call them 
irrational) . 

We conclude this paper with three appendices. In Appendix A we describe applications to 
theory of complex projective toric varieties mentioned above. Further in Appendix B we give a 
list of unsolved problems and questions. Finally in Appendix C we formulate criterions of lattice 
congruence for lattice triangles. These criterions lead to the complete list of lattice triangles 
with small lattice area (not greater than 10). 

Acknowledgement. The author is grateful to V. I. Arnold for constant attention to this 
work, A. G. Khovanskii, V. M. Kharlamov, J.-M. Kantor, D. Zvonkine, and D. Panov for useful 
remarks and discussions, and Universite Paris-Dauphine — CEREMADE for the hospitality and 
excellent working conditions. 

1. Definitions and elementary properties of lattice trigonometric functions. 

We start the section with general definitions of lattice geometry and notions of ordinary 
continued fractions. We define the functions lattice sine, tangent, and cosine on the set of 
ordinary lattice angles and formulate their basic properties. 

Then we describe a geometric interpretation of lattice trigonometric functions in terms of 
ordinary continued fractions associated with boundaries of convex hulls for the sets of lattice 
points contained in angles. We also say a few words about relations of transpose and adjacent 
lattice angles. 

Further we introduce the sine formula for the lattice angles of lattice triangles. Finally, we 
show how to find the lattice tangents of all angles and the lattice lengths of all edges of any 
lattice triangle, if we know the lattice lengths of two edges and the lattice tangent of the angle 
between them. 

1.1. Preliminary notions and definitions. By gcd(ni, . . . , n^) and by lcm(ni, . . . , n^) we de- 
note the greater common divisor and the less common multiple of the nonzero integers ni, . . . , n^ 
respectively. Suppose that a, b be arbitrary integers, and c be an arbitrary positive integer. We 
write that a = 6(mod c) if the reminders of a and b modulo c coincide. 

1.1.1. Lattice notation. Here we define the main objects of lattice geometry, their lattice char- 
acteristics, and the relation of lattice-congruence. 

Consider a two-dimensional oriented real vector space and fix some lattice in it. A straight 
line is said to be lattice if it contains at least two distinct lattice points. A ray is said to be 
lattice if it's vertex is lattice, and the straight line containing the ray is lattice. An angle (i.e. 
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the union of two rays with the common vertex) is said to be ordinary lattice if the rays defining 
it are lattice. A segment is called lattice if its endpoints are lattice points. 

By a convex polygon we mean a convex hulls of a finite number of points that do not lie in 
a straight line. The minimal set A straight line vr is said to be supporting for a convex polygon 
P, if the intersections of P and vr is not empty, and the whole polygon P is contained in one 
of the closed half-planes bounded by vr. An intersection of any polygon P with its supporting 
hyperplane is called a vertex or an edge of the polygon if the dimension of intersection is zero, 
or one respectively. 

A triangle (or convex polygon) is said to be lattice if all it's vertices are lattice points. 

The affine transformation is called lattice- affine if it preserves the set of all lattice points. 
Consider two arbitrary (not necessary lattice in the above sense) sets. We say that these two 
sets are lattice- congruent to each other if there exist a lattice- affine transformation of R^ taking 
the first set to the second. 

A lattice triangle is said to be simple if the vectors corresponding to its edges generate the 
lattice. 

Definition 1.1. The lattice length of a lattice segment AB is the ratio between the Euclidean 
length of AB and the length of the basic lattice vector for the straight line containing this 
segment. We denote the lattice length by \1{AB). 

By the (non-oriented) lattice area of the convex polygon P we will call the ratio of the Euclidean 
area of the polygon and the area of any lattice simple triangle, and denote it by 1S(P). 

Any two rays (straight lines) are lattice-congruent to each other. Two lattice segments are 
lattice-congruent iff they have equal lattice lengths. The lattice area of the convex polygon is 
well-defined and is proportional to the Euclidean area of the polygon. 

1.1.2. Finite ordinary continued fractions. For any finite sequence (ao,ai, . . . ,a„) where the 
elements ai, . . . , a„ are positive integers and ao is an arbitrary integer we associate the following 
rational number q: 

q = ao^ J 

ai H 



Lin 

This representation of the rational q is called an ordinary continued fraction for q and denoted 
by [ao, ai, . . . , a„]. (In the literature is also in use the following notation: [ao; ai, . . . , a„].) An 
ordinary continued fraction [ao, ai, . . . , a^] is said to be odd if n+1 is odd, and even if n-|-l is 
even. 

Note that if a„ 7^ 1 then [ao, ai, . . . , a„] = [ao, ai, . . . , a„ — 1, 1]. 

Now we formulate a classical theorem of ordinary continued fractions theory. 

Theorem 1.2. For any rational there exist exactly one odd ordinary continued fraction and 
exactly one even ordinary continued fraction. D 

1.2. Definition of lattice trigonometric functions. In this subsection we define the func- 
tions lattice sine, tangent, and cosine on the set of ordinary lattice angles and formulate their 
basic properties. We describe a geometric interpretation of lattice trigonometric functions in 
terms of ordinary continued fractions. Then we give the definitions of ordinary lattice angles 
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that are adjacent, transpose, and opposite interior to the given angles. We use the notions of 
adjacent and transpose ordinary lattice angles to define ordinary lattice right angles. 

Let A, B, and C be three lattice points that do not lie in the same straight line. We denote 
the ordinary lattice angle with the vertex at B and the rays BA and BC by ZABC. 

One can chose any other lattice point B' in the open lattice ray AB (but not in AC) and any 
lattice point C" in the open lattice ray AC. For us the ordinary lattice angle ZAOB coincides 
with the ordinary lattice angle ZA'O'B' . Further we denote this by ZAOB = ZA'O'B' . 

Definition 1.3. Two ordinary lattice angles ZAOB and ZA'O'B' are said to be lattice- congruent 
if there exist a lattice-affine transformation which takes the point O to O' and the rays OA and 
OB to the rays O'A' and O'B' respectively. We denote this as follows: ZAOB = ZA'O'B'. 

Here we note that the relation ZAOB = ZBOA holds only for special ordinary lattice angles. 
(See below in Subsubsection 1.2.4.) 

1.2.1. Definition of lattice sine, tangent, and cosine for an ordinary lattice angle. Consider an 
arbitrary ordinary lattice angle ZAOB. Let us associate a special basis to this angle. Denote 
by Ui and by V2 the lattice vectors generating the rays of the angle: 

_ OA , _ OB 

■^1 — TTTTTTT' ^^d V2 



ie{OA) ' " u{OB) ■ 

The set of lattice points on unit lattice distance from the lattice straight line OA coincides with 
the set of all lattice points of two lattice straight lines parallel to OA. Since the vectors vi and 
V2 are linearly independent, the ray OB intersects exactly one of the above two lattice straight 
lines. Denote this straight line by I. The intersection point of the ray OB with the straight 
line I divides I onto two parts. Choose one of the parts which lies in the complement to the 
convex hull of the union of the rays OA and OB, and denote by D the lattice point closest to 
the intersection of the ray OB with the straight line / (see Figure 1). 

Now we choose the vectors ei = Ui and 62 = OD. These two vectors are linearly independent 
and generate the lattice. The basis (ei,e2) is said to be associated to the angle ZAOB. 

Since (ei, 62) is a basis, the vector V2 has a unique representation of the form: 

V2 = xici + a;2e2, 

where xi and X2 are some integers. 

Definition 1.4. In the above notation, the coordinates X2 and xi are said to be the lattice sine 
and the lattice cosine of the ordinary lattice angle ZAOB respectively. The ratio of the lattice 
sine and the lattice cosine (x2/a;i) is said to be the lattice tangent of ZAOB. 

On Figure 1 we show an example of lattice angle with the lattice sine equals 7 and the lattice 
cosine equals 5. 

Let us briefly enumerate some elementary properties of lattice trigonometric functions. 

Proposition 1.5. a). The lattice sine and cosine of any ordinary lattice angle are relatively- 
prime positive integers. 

b). The values of lattice trigonometric functions for lattice-congruent ordinary lattice angles 
coincide. 
c). The lattice sine of an ordinary lattice angle coincide with the index of the sublattice generated 
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V2 = 5ei + 762 

Isin ^AOB = 7 
Icos lAOB = 5 
Itan AAOB = 7/5 



Figure 1. An ordinary lattice angle ZAOB and its lattice trigonometric functions. 

by all lattice vectors of two angle rays in the lattice. 

d). For any ordinary lattice angle a the following inequalities hold: 

Isina > Icos a, and Itan a > 1. 

The equalities hold iff the lattice vectors of the angle rays generate the whole lattice. 

e). (Description of lattice angles.) Two ordinary lattice angles a and P are lattice- congruent 

iff Itan a = Itan /3. D 

1.2.2. Lattice arctangent. Let us fix the origin O and a lattice basis ei and 62. 

Definition 1.6. Consider an arbitrary rational p > 1. Let p = m/n, where m and n are positive 
integers. Suppose A = O + ei, and B = O + nei + me2. The ordinary angle ZAOB is said to 
be the arctangent of p in the fixed basis and denoted by larctan(p). 

The invariance of lattice tangents immediately implies the following properties. 

Proposition 1.7. a). For any rational s >1, we have: ltan(larctan s) = s. 

b). For any ordinary lattice angle a the following holds: larctan(ltana) = a. D 

1.2.3. Lattice tangents, length-sine sequences, sails, and continued fractions. Let us start with 
the notion of sails for the ordinary lattice angles. This notion is taken from theory of multidi- 
mensional continued fractions in the sense of Klein (see, for example, the works of F. Klein [14], 
and V. Arnold [1]). 

Consider an ordinary lattice angle ZAOB. Let also the vectors OA and OB be linearly 
independent, and of unit lattice length. 

Denote the closed convex solid cone for the ordinary lattice angle ZAOB by C{AOB). The 
boundary of the convex hull of all lattice points of the cone C{AOB) except the origin is 
homeomorphic to the straight line. This boundary contains the points A and B. The closed part 
of this boundary contained between the points A and B is called the sail for the cone C{AOB). 

A lattice point of the sail is said to be a vertex of the sail if there is no lattice segment of the 
sail containing this point in the interior. The sail of the cone C{AOB) is a broken line with a 
finite number of vertices and without self intersections. Let us orient the sail in the direction 
from AtoB, and denote the vertices of the sail by Vi (for < i < n) according to the orientation 
of the sail (such that Vq = A, and Vn = B). 

Definition 1.8. Let the vectors OA and OB of the ordinary lattice angle ZAOB be linearly 
independent, and of unit lattice length. Let Vi, where < i < n, be the vertices of the 
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corresponding sail. The sequence of lattice lengths and sines 

(M(yo^i), Isin ZyoV^iV^2, M('t"iV^2), Isin Zyi^a^s, • • • 
. . . , M(F„_2K-i), Isin ZK-2K-1K, nVn^iVn)) 

is called the lattice length-sine sequence for the ordinary lattice angle ZAOB. 

Remark 1.9. The elements of the lattice length-sine sequence for any ordinary lattice angle are 
positive integers. The lattice length-sine sequences of lattice-congruent ordinary lattice angles 
coincide. 

Theorem 1.10. Let {U{VoVi),lsm^yoViV2, . . . ,lsmZVn-2Vn-iVn,U{Vn-iVn)) be the lattice 
length-sine sequence for the ordinary lattice angle ZAOB. Then the lattice tangent of the ordi- 
nary lattice angle ZAOB equals to the value of the following ordinary continued fraction 

[M(FoVi),lsinZyoV^il^2, . . . ,lsinZK-2K-iK,M(K-iK)]. 





U{ViV2) = 2 

sinZ"l/oViV2 = 2 
U{VoVi) = 1 



Figure 2. Itan Z^OS 



1 + 



2+1/2- 



On Figure 2 we show an example of an ordinary lattice angle with tangent equivalent to 7/5. 

Further in Theorem 3.5 we formulate and prove a general statement for generalized sails and 
signed length-sine sequences. In the proof of Theorem 3.5 we refer only on the preceding state- 
ments and definitions of Subsection 3.1, that are independent of the statements and theorems 
of all previous sections. For these reasons we skip now the proof of Theorem 1.10 (see also 
Remark 3.6). 

1.2.4. Adjacent, transpose, and opposite interior ordinary lattice angles. First, we give the defi- 
nition of the ordinary lattice angles transpose and adjacent to the given one. 

Definition 1.11. An ordinary lattice angle ZBOA is said to be transpose to the ordinary lattice 

angle ZAOB. We denote it by (ZAOB^. 

An ordinary lattice angle ZBOA' is said to be adjacent to an ordinary lattice angle ZAOB if 

the points A, O, and A' are contained in the same straight line, and the point O lies between A 

and A' . We denote the ordinary angle ZBOA' by n—ZAOB. 

The ordinary lattice angle is said to be right if it is self-dual and lattice-congruent to the adjacent 

ordinary angle. 

It immediately follows from the definition, that for any ordinary lattice angle a the angles 
(q*)* and vr— (tt— a) are lattice-congruent to a. 

Further we will use the following notion. Suppose that some integers a, b and c, where c > 1, 
satisfy the following: ab = 1 (mod c) . Then we denote 

a = (6(modc)) 
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For the trigonometric functions of transpose and adjacent ordinary lattice angles the following 
relations are known. 

Theorem 1.12. Consider an ordinary lattice angle a. If a = larctan(l), then 

a* = TT-a = larctan(l). 

Suppose now, that a ^ larctan(l), then 

lsin(a*) = Isina, lcos(a*) = (lcosa(modlsina)) ; 
lsin(7r— a) = Isina, lcos(7r— a) = (— lcosQ(niodlsina)) 

Note also that vr-a = larctan* (iti^^pr) • □ 

Theorem 1.12 (after applying Theorem 1.10) immediately reduces to the theorem of 
P. Popescu-Pampu. We refer the readers to his work [19] for the proofs. 

1.2.5. Right ordinary lattice angles. It turns out that in lattice geometry there exist exactly two 
lattice non-equivalent right ordinary lattice angles. 

Corollary 1.13. Any ordinary lattice right angle is lattice-congruent to exactly one of the fol- 
lowing two angles: larctan(l), or larctan(2). D 

Definition 1.14. Consider two lattice parallel distinct straight lines AB and CD, where A, B, 
C , and D are lattice points. Let the points A and D be in different open half-planes with respect 
to the straight line BC. Then the ordinary lattice angle ZABC is called opposite interior to the 
ordinary lattice angle ZDCB. 

Further we use the following proposition on opposite interior ordinary lattice angles. 

Proposition 1.15. Two opposite interior to each other ordinary lattice angles are lattice- 
congruent. D 

The proof is left for the reader as an exercise. 

1.3. Basic lattice trigonometry of lattice angles in lattice triangles. In this subsection 
we introduce the sine formula for angles and edges of lattice triangles. Further we show how to 
find the lattice tangents of all angles and the lattice lengths of all edges of any lattice triangle, 
if the lattice lengths of two edges and the lattice tangent of the angle between them are given. 
Let A, B, and C be three distinct lattice points being not contained in the same straight line. 
We denote the lattice triangle with the vertices A, B, and C by AABC. 

Definition 1.16. The lattice triangles AABC and AA'B'C are said to be lattice- congruent if 
there exist a lattice-affine transformation which takes the point A to A', B to B', and C to C 
respectively We denote: AABC^AA'B'C. 

1.3.1. The sine formula. Let us introduce a lattice analog of the Euclidean sine formula for sines 
of angles and lengths of edges of triangles. 

Proposition 1.17. (The sine formula for lattice triangles.) The following holds for any 
lattice triangle AABC. 

UjAB) lejBC) UjCA) UjAB) UjBC) \£{CA) 

Isin ZBCA ~ Isin ZCAB ~ Isin ZABC ~ IS{AABC) " 

Proof. The statement of Proposition 1.17 follows directly from the definition of lattice sine. D 
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1.3.2. On relation between lattice tangents of ordinary lattice angles and lattice lengths of lattice 
triangles. Suppose that we know the lattice lengths of the edges AB, AC and the lattice tangent 
of ABAC in the triangle AABC. Now we show how to restore the lattice length and the lattice 
tangents for the the remaining edge and ordinary angles of the triangle. 

For the simplicity we fix some lattice basis and use the system of coordinates OXY corre- 
sponding to this basis (denoted (*,*))• 

Theorem 1.18. Consider some triangle AABC. Let 

U{AB) = c, U{AC) = b, and ZCAB ^ a. 

Then the ordinary angles ZBCA and ZABC are defined in the following way. 



ZBCA 



ZABC 



c— 61cos(a*) 

For the lattice length of the edge CB we have 

U{CB) b 



larctan f vr - ^f^^^ j if clcosQ > 6 
larctan(l) if c1cosq = 6 , 

lar^tan* (ralf^) ^/ oleosa < 6 

larctan* [tt - ^^^^^j if 61cos(q*) > c 
larctan(l) if 61cos(q*) = c 

larctan f-A^Hig!) ) if 61cos(a*) < c 



Isin a Isin ZABC Isin ZBCA 

Proof. Let a = larctan(j3/g), where gcd{p,q) = 1. Then ACAB ^ ADOE where D = (6,0), 
O = (0,0), and E = (qc,pc). Let us now find the ordinary lattice angle ZDEO. Denote by Q 
the point {qc, 0). If qc—b = 0, then ZBCA = ZDEO = larctan 1. If qc—b ^ 0, then we have 

^„_, f cp \ ( c Isin (1 

ZQDE = larctan — ^-—- = larctan ' 



cq — bj \clcosa — 

The expression for ZBCA follows directly from the above expression for ZQDE, since ZBCA = 
ZQDE. (See Figure 3: hereU{OD) = b, li{OQ) = clcosa, and therefore M(Z)(5) = [clcosa-6|.) 

To obtain the expression for ZABC we consider the triangle ABAC. Calculate ZCBA and 
then transpose all ordinary angles in the expression. Since 

IS{ABC) = U{AB) U{AC) Isin ZCAB = U{BA) U{BC) lsinZ5C.4 = 
li{CB) li{CA) Isin ZABC, 

we have the last statement of the theorem. D 

2. Theorem on sum of lattice tangents for the ordinary lattice angles of 

LATTICE triangles. PrOOF OF ITS SECOND STATEMENT. 

In this section we introduce the sum formula for the lattice tangents of ordinary lattice angles 
of lattice triangles. The sum formula is a lattice version of the following Euclidean statement: 
three angles are the angles of some triangle iff their sum equals tt. 

Throughout this section we fix some lattice basis and use the system of coordinates OXY 
corresponding to this basis. 
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Figure 3. Three possible configuration of points O, D, and Q. 



2.1. Finite continued fractions with not necessary positive elements. We start tliis sec- 
tion with the commonly-used definition of finite continued fractions with not necessary positive 
elements. Let us expand the set of rationals Q with the operations + and 1/* on it with the 
element oo. We pose q ± oo = oo, 1/0 = oo, l/oo = (we do not define cx) it oo here). Denote 
this expansion by Q. 

For any finite sequence of integers (ao, ai, . . . , a„) we associate an element q of Q: 

1 



ao + 



ai -I- 



T 



a„_i + — 

Lin 

and denote it by ]ao, ai, . . . , a„[. 

Let qi be some rationals, i = l,...,k. Suppose that the odd continued fraction for qi is 
[ttifi, tti^i, . . . , aj,2raj ioT i = 1, . . . ,k. We denote by ]qi,q2, ■ ■ ■ , Qn[ the following number 

]fll,0)«l;l) • • • ,0,i^2ni,0,2fi,a2,l, ■ ■ ■ ,a2,2n2) • • • «A;-1,0; «A;-1,1) • • • , 0'k-l,2rH:^iJ 

afc,0;«fc,l) • • • )«fc,2nfc[ 

2.2. Formulation of the theorem and proof of its second statement. In Euclidean ge- 
ometry the sum of Euclidean angles of the triangle equals tt. For any 3-tuple of angles with the 
sum equals tt there exist a triangle with these angles. Two Euclidean triangles with the same 
angles are homothetic. Let us show one generalization of these statements to the case of lattice 
geometry. 

We start this subsection with a definition of convex polygons n-tuple to other convex polygons. 

Let n be an arbitrary positive integer, and A = (x, y) be an arbitrary lattice point. Denote 
by nA the point {nx,ny). 

Definition 2.1. Consider any convex polygon or broken line with vertices Aq, . . . jAi^. The 
polygon or broken line uAq . . . nAj^ is called n-multiple (or multiple) to the given polygon or 
broken line. 
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Theorem 2.2. On sum of lattice tangents of ordinary lattice angles of lattice trian- 
gles. 

a). Let {ai^a2,Ci^) he an ordered 3-tuple of ordinary lattice angles. There exist a triangle with 
three consecutive ordinary angles lattice- congruent to a\, a^, and Q3 iff there exist i G {1,2,3} 
such that the angles a = ai, (3 = aj+i(mod3)j 0,''^'^ 7 = Oj+2(mod3) satisfy the following conditions: 

i) the rational ] Itana, — l,ltan/3[ is either negative or greater than Itana; 

a) ] Itana, —1, Itan/?, —I,ltan7[= 0. 

b). Let the consecutive ordinary lattice angles of some triangle he a, (3, and^. Then this triangle 

is multiple to the triangle with vertices Aq = (0,0), Bq = (A2 Icosa, A2 Isina), and Cq = (Ai,0), 

where 

lcm(lsinQ,lsin/3, lsin7) lcm(lsina, lsin/3, lsin7) 

gcd(lsina, lsin7) ' gcd(lsina,lsin/3) 

Remark 2.3. Note that the statement of the Theorem 2.2a holds only for odd continued fractions 
for the tangents of the correspondent angles. We illustrate this with the following example. 
Consider a lattice triangle with the lattice area equals 7 and all angles lattice-congruent to 
larctan7/3 (see on Figure 16). If we take the odd continued fractions 7/3 = [2,2,1] for all 
lattice angles of the triangle, then we have 

]2,2,1,-1,2,2,1,-1,2,2,1[=0. 

If we take the even continued fractions 7/3 = [2, 3] for all angles of the triangle, then we have 

35 
]2, 3,-1,2, 3, -l,2,3[= — /0. 

We prove the first statement of this theorem further in Subsections 4.2 and 4.3 after making 
definitions of expanded lattice angles and their sums, and introducing their properties. 

Proof of the second statement of Theorem 2.2. Consider the triangle A ABC with the ordinary 
lattice angles a, (3, and 7 (with vertices at A, B, and C respectively). Suppose that for any k > 1 
and any lattice triangle AKLM the triangle AABC is not lattice-congruent to the /c-multiple 
of AKLM. That is equivalent to the following 

gcd{ieiAB),U{BC),U{CA)) = 1. 

Suppose that S is the lattice area of AABC. Then by the sine formula the following holds 

' U{AB)U{AC) = 5/ Isina 
ie{BC)li{BA.) = S/lsinp . 
ulcA)U{CB) = 5/lsin7 

Since gcd{ie{AB),ie{BC),ie{CA)) = 1, we have ie{AB) = Ai and ie{AC) = A2. 

Therefore, the lattice triangle AABC is lattice-congruent to the lattice triangle AAqBqCq of 
the theorem. D 

3. Expansion of ordinary lattice angles. The notions of sums for lattice 

ANGLES. 

In this section we introduce the notion of expanded lattice angles and their normal forms and 
give the definition of sums of expanded lattice angles. From the definition of sums of expanded 
lattice angles we obtain a definition of sums of ordinary lattice angles. For the definition of 
expanded lattice angles we expand the notion of sails in the sense of Klein: we define and study 
oriented broken lines on the unit distance from lattice points. 
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Throughout this section we work in the oriented two-dimensional real vector space with a fixed 
lattice. We again fix some lattice (positively oriented) basis and use the system of coordinates 
OXY corresponding to this basis. 

The lattice-affine transformation is said to be proper if it is orientation-preserving. We say 
that two sets are proper lattice- congruent to each other if there exist a proper lattice-affine 
transformation of M^ taking the first set to the second. 

3.1. On a particular generalization of sails in the sense of Klein. In this subsection we 
introduce the definition of an oriented broken lines on the unit lattice distance from a lattice 
point. This notion is a direct generalization of the notion of s sail in the sense of Klein (see 
page 7 for the definition of a sail) . We expand the definition of lattice length-sine sequences and 
continued fractions to the case of these broken lines. We show that expanded lattice length-sine 
sequence for oriented broken lines uniquely identifies the proper lattice-congruence class of the 
corresponding broken line. Further, we study the geometrical interpretation of the corresponding 
continued fraction. 

3.1.1. Definition of a lattice signed length-sine sequence. For the definition of expanded lattice 
angles we expand the definition of lattice length-sine sequence to the case of certain broken lines. 
For the 3-tuples of lattice points A^ B, and C we define the function sgn as follows: 



sgn{ABC) 



+1, if the couple of vectors BA and BC defines the positive 

orientation. 
0, if the points A, B, and C are contained in the same straight line. 
— 1, if the couple of vectors BA and BC defines the negative 

orientation. 



We also denote by sign :M^{— 1,0, 1} the sign function over reals. 

The segment AB is said to be on the unit distance from the point C if the lattice vectors of 
the segment AB, and the vector AC generate the lattice. 

A union of (ordered) lattice segments AqAi,AiA2, ■ ■ ■ ,An-iAn {n > 0) is said to be a lat- 
tice oriented broken line and denoted by Ao^i^2 ■ ■ ■ An if any two consecutive segments are 
not contained in the same straight line. We also say that the lattice oriented broken line 
AnAn-iAn-2 ■ ■ ■ Aq is inverse to the lattice oriented broken line AqAiA2 ■ ■ ■ An- 

Definition 3.1. Consider a lattice oriented broken line and a lattice point in the complement 
to this line. The broken line is said to be on the unit distance from the point if all edges of the 
broken line are on the unit lattice distance from the point. 

Let us now associate to any lattice oriented broken line on the unit distance from some point 
the following sequence of non-zero elements. 

Definition 3.2. Let ^o^i • • • An be a lattice oriented broken line on the unit distance from 
some lattice point V. The sequence (oq, . . • , a2n-2) defined as follows: 

ao = sgn(^o^^i)l^(^o^i), 

ai = sgn(^o^^i) sgn{AiVA2) sgn(^o^i^2) Isin Z^o^i^2, 

a2 = sgn{AiVA2)U{AiA2), 

a2n-3 = Sgn(A„_2F^„_l) Sgn(^„_iyA„) Sgn(^„_2An-l^n) lsmZAn^2An-lAn, 
a2n~2 = Sgn(A„„iy^„) U{An-lAn), 



14 



OLEG KARPENKOV 



is called an lattice signed length-sine sequence for the lattice oriented broken line on the unit 
distance from the lattice point V. 
The element of Q 

]ao,ai, . . . ,a2n-2[ 
is called the continued fraction for the broken line AqAi . . . An- 

We show how to identify signs of elements of the lattice signed length-sine sequence for a 
lattice oriented broken line on the unit distance from the lattice point V on Figure 4. 
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Figure 4. All possible (non-degenerate) proper affine decompositions for angles 
and segments of a signed length-sine sequence. 

On Figure 5 we show an example of lattice oriented broken line on the unit distance from the 
lattice point V and the corresponding lattice signed length-sine sequence. 











Ai 


ao 




1 
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Figure 5. A lattice oriented broken line on the unit distance from the point V 
and the corresponding lattice signed length-sine sequence. 



Proposition 3.3. A lattice signed length-sine sequence for the given lattice oriented broken line 
and the lattice point is invariant under the group action of the proper lattice- affine transforma- 
tions. 

Proof. The statement of the proposition holds, since the functions sgn, li, and Isin are invariant 
under the group action of the proper lattice-affine transformations. D 
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3.1.2. Proper lattice- congruence of lattice oriented broken lines on the unit distance from lattice 
points. Let us formulate necessary and sufficient conditions for two lattice oriented broken lines 
on the unit distance from the same lattice point to be proper lattice-congruent. 

Theorem 3.4. The lattice signed length-sine sequences of two lattice oriented broken lines on 
the unit distance from lattice points V\ and V2 coincide iff there exist a proper lattice- affine 
transformation taking the point V\ to V2 o,nd one lattice oriented broken line to the other. 

Proof. The lattice signed length-sine sequence for any lattice oriented broken line on the unit 
distance is uniquely defined, and by Proposition 3.3 is invariant under the group action of lattice- 
affine orientation preserving transformations. Therefore, the lattice signed length-sine sequences 
for two proper lattice-congruent lattice oriented broken lines coincide. 

Suppose now that two lattice oriented broken lines Aq . . . An, and Bq . . . Bn on the unit dis- 
tance from lattice points Vi and V2 respectively have the same lattice signed length-sine sequence 
(oo, ai, . . . , a2n-3, a2n-2)- Let us prove that these broken lines are proper lattice-congruent. 
Without loose of generality we consider the point Vi at the origin O. 

Let ^ be the proper lattice-affine transformation taking the point V2 to the point Vi = O, Bq 
to Aq, and the lattice straight line containing BqBi to the lattice straight line containing ^0^1 • 
Let us prove inductively that S,iBi) = Ai. 

Base of induction. Since oq = 69, we have 

sgn{AoOAi)U{AoAi) = sgn(e(i?o)Oe(i?i))l^(^(i?o)e(i?i))- 

Thus, the lattice segments AqAi and Ao^(-Bi) are of the same lattice length and of the same 
direction. Therefore, S,iBi) = Ai. 

Step of induction. Suppose, that S,{Bi) = Ai holds for any nonnegative integer i < k, where 
k > 1. Let us prove, that ^{B^+i) = ^fc+i- Denote by C^+i the lattice point C(^fe+i)- Let 
Ak = (QkiPk)- Denote by A^ the closest lattice point of the segment A^^iAi^. to the vertex A^. 
Suppose that A'j^ = {q'j^,p'f.). We know also 

a2k-i = sgn{Ak_iOAk) sgn{AkOCk+i) sgn{Ak_iAkCk+i) Is'mZAk^iAkCk+i, 
a2k = sgn{AkOCk+i)U{AkCk+i). 

Let the coordinates of C^+i be {x,y). Since li{Ai^Ck+i) = \a2k\ and the segment Aj^C^+i is 
on the unit lattice distance to the origin O, we have lS{AOAkCk+i) = \a2k\- Since the segment 
OAk is of the unit lattice length, the coordinates of C^+i satisfy the following equation: 

I -PkX + qky\ = \a2kV 

Since sgn{AkOCk+i)U{AkCk+i) = sign(a2fc), we have 

-PkX + QkV = a2k- 

Since Isin ZA'^^AkCk+i = Isin ZAk-iAkCk+i = |a2fc-i|) and the lattice lengths of AkCk+i, and 
A'f^Ak are |a2fc| and 1 respectively, we have lS{AA'j^AkCk+i) = \a2k-iO'2k\- Therefore, the coor- 
dinates of Cfc+i satisfy the following equation: 

1 - {Pk -p'k){x - Qk) + {qk - q'k){v-Pk)\ = !a2fc-ia2fc|- 

Since 

sgn{Ak-iOAk)sg-n.{AkOCk+i)sgn{Ak^iAkCk+i) = sign(a2fc-i) 

sgn(^fcOCfc+i) = sign(a2fe) 
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we have 



{Pk -p'k){x - Qk) - {qk - q'k){y -Pk) = sgn{Ak_iOAk)a2k-ia2k- 
We obtain the following: 



-PkX + QkV = a2k 
{Pk - p'k){x - Qk) - {qk - q'k){y - Pk) = ssa.{Ak-iOAk)a2k-ia2k 



Since 



det { ,P^ 'i^ , 



1, 



Pk-Pk qk-qk 

there exist and unique an integer solution for the system of equations for x and y. Hence, the 
points Afc+i and Ck+i have the same coordinates. Therefore, £,{Bk+i) = Ak+i- We have proven 
the step of induction. 

The proof of Theorem 3.4 is completed by induction. D 

3.1.3. Values of continued fractions for lattice oriented broken lines on the unit distance from 
the origin. Now we show the relation between lattice oriented broken lines on the unit distance 
from the origin and the corresponding continued fractions for them. 

Theorem 3.5. Let AqAi . . . An be a lattice oriented broken line on the unit distance from 

the origin O. Let also Aq = (1,0), Ai = (l,ao), A^ = ip,q), where gcd{p,q) = 1, and 

(ao, ai, . . . , a2n-2) be the corresponding lattice signed length-sine sequence. Then the following 

holds: 

9 1 r 

- — ao,ai, . . . ,a2„-2 • 

P 
Proof. To prove this theorem we use an induction on the number of edges of the broken lines. 

Base of induction. Suppose that a lattice oriented broken line on the unit distance from the 
origin has a unique edge, and the corresponding sequence is (ao). Then Ai = (l,ao) by the 
assumptions of the theorem. Therefore, we have ^=]ao[. 

Step of induction. Suppose that the statement of the theorem is correct for any lattice oriented 
broken line on the unit distance from the origin with k edges. Let us prove the theorem for the 
arbitrary lattice oriented broken line on the unit distance from the origin with fc+l edges (and 
satisfying the conditions of the theorem) . 

Let Aq . . . Ak+i be a lattice oriented broken line on the unit distance from the origin with the 
lattice signed length-sine sequence (oq, ai, . . . , a2k-i, o,2k)- Let also 

^o = (l,0), ^i = (l,ao), and Ak+i = {p,q). 

Consider the lattice oriented broken line Bi . . . Bk+i on the unit distance from the origin with 
a lattice signed length-sine sequence (02, as, . . . , a2fc-2; 0,2k) ■ Let also 

Bi = (l,0), -B2 = (l,a2), and Bk+i = ip,q). 

By the induction assumption we have 

q' 

— =]a2,a3, . . . ,a2fc[. 
p' 
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We extend the lattice oriented broken line Bi . . . i3^.+i to the lattice oriented broken line 
BqBi . . . Bk+i on the unit distance from the origin, where Bq = (l+ooai, — ao). Let the lattice 
signed length-sine sequence for this broken line be (6o; ^i, • • • , ^2fc-i; ^2fc)- Note that 



bo 
h 



h 



sgn{BoOBi)U{BoBi) = sign(ao)|ao| = oo, 
sgn{BoOBi) sgn{BiOB2) sgn(5o^i^2) kin ZB0B1B2 = 
signaosign62sign(aoai62)|ai| = 0,1, 
ai, for I = 2, ... , 2k. 

Consider a proper lattice-linear transformation S^ that takes the point Bq to the point (1,0), 
and Bi to (l,ao). These two conditions uniquely defines ^■. 

1 Ol 

oq 1 + a^ai 

Since B^+i = {p',q'), we have 6.{Bk+i) = {p'+aiq' ,q'ao+p'+p'aoai) 
q'ai +p' + p'aoai 1 



e 



ao + 



-]ao,ai,a2,a3, . . . ,a2n[- 



p' + aiq' " ' ai + q' /p' 

Since, by Theorem 3.4 the lattice oriented broken lines BqBi . . . -Bfc+i and Aq^i • • • ^fc+i are 
lattice-linear equivalent, Bq = Aq, and Bi = Ai, these broken lines coincide. Therefore, for the 
coordinates {p, q) the following hold 

q _ q'ao + p' + p'aoai 

P 



=]ao,ai, 02,03, . . . ,a2kl 



p' + aiq' 

On Figure 6 we illustrate the step of induction with an example of lattice oriented broken line 
on the unit distance from the origin with the lattice signed length-sine sequence: (1, —1, 2, 2, —1). 
We start (the left picture) from the broken line B1B2B3 with the lattice signed length-sine 
sequence: (2,2,-1). Then, (the picture in the middle) we expand the broken line B1B2B3 to 
the broken line BQB1B2B3 with the lattice signed length-sine sequence: (1, —1, 2, 2, —1). Finally 
(the right picture) we apply a corresponding proper lattice-linear transformation ^ to achieve 
the resulting broken line AQA1A2A3. 
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Figure 6. The case of lattice oriented broken line on the unit distance from the 
origin with lattice signed length-sine sequence: (1, —1, 2, 2, —1). 



We have proven the step of induction. 
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The proof of Theorem 3.5 is completed. 



D 



Remark 3.6. Theorem 3.5 immediately implies the statement of Theorem 1.10. One should put 
the sail of an angle as an oriented-broken line ^o^i • • • ^n- 

3.2. Expanded lattice angles. Sums for ordinary and expanded lattice angles. In this 
subsection we introduce the notion of expanded lattice angles and their normal forms. We use 
normal forms of expanded lattice angles to give the definition of sums of expanded lattice angles. 
From the definition of sums of expanded lattice angles we obtain a definition of sums of ordinary 
lattice angles. 

3.2.1. Equivalence classes of lattice oriented broken lines and the corresponding expanded lattice 
angles. Let us give a definition of expanded lattice angles. 

Definition 3.7. Two lattice oriented broken lines h and I2 on the unit distance from V are said 
to be equivalent if they have in common the first and the last vertices and the closed broken line 
generated by ^1 and the inverse of I2 is homotopy equivalent to the point in M^ \ {V}. 
An equivalence class of lattice oriented broken lines on the unit distance from V con- 
taining the broken line Aq^i . . . An is called the expanded lattice angle for the equivalence 
class of AqAi . . . An at the vertex V (or, for short, expanded lattice angle) and denoted by 
Z{V,AoA,...An). 

We study the expanded lattice angles up to proper lattice-congruence (and not up to lattice- 
congruence) . 

Definition 3.8. Two expanded lattice angles <l>i and ^2 are said to be proper lattice- congruent 
iff there exist a proper lattice-affine transformation sending the class of lattice oriented broken 
lines corresponding to <l>i to the class of lattice oriented broken lines corresponding to ^2- We 
denote this by <l>i ^ <52• 
3.2.2. Revolution numbers for expanded lattice angles. Let us describe one invariant of expanded 
lattice angles under the group action of the proper lattice-affine transformations. 

Let r = {y+Al;|A > 0} be the oriented ray for an arbitrary vector v with the vertex at V, 
and AB be an oriented (from A to B) segment not contained in the ray r. Suppose also, that 
the vertex V of the ray r is not contained in the segment AB. We denote by #(r, V, AB) the 
following number: 

0, if the segment AB does not intersect the ray r 

TT sgn(A{A-\-v)B J , if the segment AB intersects the ray r at ^ or 

#{r,V,AB) = I at B 

sgn(A{A-\-v)B 1 , if the segment AB intersects the ray r at the 

interior point of AB 

and call it the intersection number of the ray r and the segment AB. 

Definition 3.9. Let AqAi . . . An be some lattice oriented broken line, and let r be an oriented 
ray {y+Al;|A > 0}. Suppose that the ray r does not contain the edges of the broken line, and 
the broken line does not contain the point V. We call the number 

n 

'#{r,V,Ai^iA, 
=1 



E- 
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the intersection number of the ray r and the lattice oriented broken line ^o^i • • • ^n, and denote 
ithy#ir,V,AoAi...An). 

Definition 3.10. Consider an arbitrary expanded lattice angle Z{V, AqAi . . .An). Denote the 
rays {V + Ay^ol-^ ^ 0} and {V — XVAq\X > 0} by r_|- and r_ respectively. The number 

^ (#(r+, V, AoAi ...An) + #(r_, V, AqAi . . . An)) 

is called the lattice revolution number for the expanded lattice angle Z{V,AQAi...An), and 
denoted by #(Z(y, AqAi . . . An)). 

Let us prove that the above definition is correct. 

Proposition 3.11. The revolution number of any expanded lattice angle is well-defined. 

Proof. Consider an arbitrary expanded lattice angle Z{V, AqAi . . . An). Let 



r+ = {V + XVAo\\>0} and r^ = {V - \VAo\X >0}. 

Since the lattice oriented broken line Ao^i • • • An is on the unit lattice distance from the point 
V, any segment of this broken line is on the unit lattice distance from V. Thus, the broken line 
does not contain V, and the rays r^ and r_ do not contain edges of the curve. 

Suppose that 

Z(y, AoAi ...An) = Z{V', A'oA[ . . . A'J. 
This implies that V = V' , Aq = A'q, An = A^, and the broken line 

AoAi . . . AnAni_i . . . AiAq 

is homotopy equivalent to the point in M? \ {V}. Thus, 

#(Z(F, AoA, . . . An)) - #(Z(y,' A'^A[ . . . A'n,)) = 

\ (#(r+, F, Ao^l . . . An^n^^^ . • • A!^A!^) + #(r_, F, Ao^l . . . An^n^-x ■ ■ ■ A[A'q)) = 

0+0 = 0. 

Hence, 

#(Z(y, AoAi . . . An)) = #(Z(y', A'^Ai . . . A'J). 

Therefore, the revolution number of any expanded lattice angle is well-defined. D 

Proposition 3.12. The revolution number of expanded lattice angles is invariant under the 
group action of the proper lattice- affine transformations. D 

3.2.3. Zero ordinary angles. For the next theorem we will need to define define zero ordinary 
angles and their trigonometric functions. Let A, B, and C be three lattice points of the same 
lattice straight line. Suppose that B is distinct to A and C and the rays BA and BC coincide. 
We say that the ordinary lattice angle with the vertex at B and the rays BA and BC is zero. 
Suppose ZABC is zero, put by definition 

\sm{ZABC) = 0, lcos(Z^BC) = 1, Itan(Z^BC) = 0. 

Denote by larctan(O) the angle ZAOA where A = (1,0), and O is the origin. 
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3.2.4. On normal forms of expanded lattice angles. Let us formulate and prove a theorem on 
normal forms of expanded lattice angles. We use the following notation. 
By the sequence 

((ao, . . . , a„) X fe-times, bo,..., hm) , 
where /c > 0, we denote the following sequence: 

(ao, . . . , a„, ao, . . . ,a„, ... , ao, . . . ,a„, 6o, . . . , 6m,)- 

^ V ' 

fc-times 

Definition 3.13. I). Suppose O be the origin, ^o be the point (1, 0). We say that the expanded 
lattice angle A{0,Aq) is of the type I and denote it by Ovr + larctan(O) (or 0, for short). The 
empty sequence is said to be characteristic for the angle Ott + larctan(O). 

Consider a lattice oriented broken line ^o^i • • • ^s on the unit distance from the origin O. Let 

also Aq be the point (1,0), and the point Ai be on the straight line x = 1. If the signed 

length-sine sequence of the expanded ordinary angle $o = ^{O, AqAi . . . Ag) coincides with the 

following sequence (we call it characteristic sequence for the corresponding angle): 

life) ((1,-2,1,-2) X (fc — l)-times, 1, — 2, l), where k > 1, then we denote the angle <&o by 

/c7r+ larctan(O) (or fcvr, for short) and say that <&o is of the type 11^; 

Illfc) ((-1,2,-1,2) X (/c — l)-times, — 1,2, — l), where k > 1, then we denote the angle <l>o by 

— A;7r+larctan(0) (or —kir, for short) and say that $0 is of the type 111^; 

IVfe) ((1, —2, 1, —2) X /c-times, ao, . . . , a2n) , where A; > 0, n > 0, a^ > 0, for i = 0, . . . , 2n, then 

we denote the angle $0 by /c7r+ larctan([ao, ai, . . . , 02™]) and say that $0 is of the type IV^; 

Vfe) ((—1, 2, —1, 2) X /c-times, ao, . . . , a2n) , where /c > 0, n > 0, aj > 0, for i = 0, . . . , 2n, then 

we denote the angle $0 by —kTT+ larctan([ao, ai, . . . , a2n]) and say that $0 is of the type V^. 

Theorem 3.14. For any expanded lattice angle <1> there exist and unique a type among the types 
I-V and a unique expanded lattice angle <l>o of that type such that <l>o is proper lattice congruent 
to $. 
The expanded lattice angle ^q is said to be the normal form for the expanded lattice angle <1>. 

For the proof of Theorem 3.14 we need the following lemma. 

Lemma 3.15. Let m, k>l, and Oj > for i = 0, . . . ,2n be some integers. 

a). Suppose the lattice signed length-sine sequences for the expanded lattice angles $1 and ^2 

are respectively 

((1,-2,1,-2) X {k—l)-times,l,—2,l, —2,aQ, . . . ,a2n) o,nd 
((1,-2,1,-2) X {k-l)-times,l,-2,l,m,ao,. . . ,a2n), 

then <l>i is proper lattice- congruent to ^2- 

b). Suppose the lattice signed length-sine sequences for the expanded lattice angles $1 and $2 

are respectively 

(—1, 2, —1, 2) X {k—l)-times, —1, 2, —l,m, oq, . . . , a2n) and 
(-1,2,-1,2) X (/c-l)-iimes, -1,2, -l,2,ao,... ,a2r. 



2n , 



then $1 is proper lattice- congruent to ^2- 

Proof. We prove the first statement of the lemma. Suppose that m is integer, k is positive 
integer, and Oj for i = 0, . . . ,2n are positive integers. 
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Let US construct the angle ^i with vertex at the origin for the lattice oriented broken line 
Aq . . . A2k+n+i, corresponding to the lattice signed length-sine sequence 

((1,-2,1,-2) X (/c-l)-times,l,-2, l,-2,ao,---,a2n), 

such that ^0 = (1, 0), Ai = (1, 1). Note that 

A21 = ((-1)',0), iovKk-l 

A21+1 = ((-iy,(-l)0 forl<k-l 

A2k = ((-1)',0) 

A2k+i = ((-l)^(-l)^)ao 

Let us construct the angle ^2 with vertex at the origin for the lattice oriented broken line 
Bq . . . B2k+n+ii corresponding to the lattice signed length-sine sequence 

((1,-2,1,-2) X (/c-l)-times,l,-2, l,m,ao,... ,a2n)- 

such that Bq = (1, 0), Bi = {—m — 1,1). Note also that 

B21 = ((-1)',0), for/<A;-l 

B21+1 = ((-l)'(-m-l),(-l)0 for/<A;-l 
B2k = ((-1)",0) 
B2k+i = ((-l)^(-l)'=)ao 
From the above we know, that the points A2k and A2k+i coincide with the points B2k and 
i?2fc+i respectively. Since the remaining parts of both lattice signed length-sine sequences (i. e. 
(ao, . . . , a2n)) coincide, the point Ai coincide with the point Bi for / > 2k. 

Since the lattice oriented broken lines Aq . . . A2k and Bq . . . B2k are of the same equivalence 
class, and the point Ai coincide with the point Bi for / > 2k, we obtain 

^1 = Z{0, Aq... A2k+n+l) = AO, Bq... B2k+n+l) = ^2- 

Therefore, by Theorem 3.4 we have the following: 

$i^^i = ^2^^2- 

This concludes the proof of Lemma 3.15a. 

Since the proof of Lemma 3.15b almost completely repeats the proof of Lemma 3.15a, we omit 
the proof of Lemma 3.15b here. D 

Proof of Theorem 3.14- First, we prove that any two distinct expanded lattice angles listed 
in Definition 3.13 are not proper lattice-congruent. Let us note that the revolution numbers 
of expanded lattice angles distinguish the types of the angles. The revolution number for the 
expanded lattice angle of the type I is 0. The revolution number for the expanded lattice angle 
of the type 11^ is l/2{k+l) where A; > 0. The revolution number for the expanded lattice angle 
of the type Illfc is — 1/2(A;-|-1) where A; > 0. The revolution number for the expanded lattice 
angles of the type IV^ is 1/4+1 /2k where A; > 0. The revolution number for the expanded 
lattice angles of the type V^ is 1/4— 1/2/c where k > 0. 

So we have proven that two expanded lattice angles of different types are not proper lattice- 
congruent. For the types I, 11^, and III^ the proof is completed, since any such type consists 
of the unique expanded lattice angle. 

Let us prove that normal forms of the same type IV^ (or of the same type V^) are not 
proper lattice-congruent for any integer A; > (or A; > 0). Consider an expanded lattice angle 
<I> = kTT+ larctan([ao, ai, . . . , a2n])- Suppose that a lattice oriented broken line ^0^1 • • • ^m on 
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the unit distance from O, where m = 2|A;|+n+l defines the angle ^. Suppose also that the 
signed lattice-sine sequence for this broken line is characteristic. 

Suppose, that k is even, then the ordinary lattice angle ZAoOAm is proper lattice-congruent to 
the ordinary lattice angle larctan([ao, ai, . . . , a2n])- This angle is a proper lattice-affine invariant 
for the expanded lattice angle $. This invariant distinguish the expanded lattice angles of type 
IVfc (or Vfc) with even k. 

Suppose, that k is odd, then denote B = 0+AqO. The ordinary lattice angle ZBVAm is 
proper lattice-congruent to the ordinary lattice angle larctan([ao,ai, • • • ,a2n])- This angle is a 
proper lattice-affine invariant for the expanded lattice angle <I>. This invariant distinguish the 
expanded lattice angles of type IVfc (or V^) with odd k. 

Therefore, the expanded lattice angles listed in Definition 3.13 are not proper lattice- 
congruent. 

Now we prove that an arbitrary expanded lattice angle is proper lattice-congruent to one of 
the expanded lattice angles of the types I-V. 

Consider an arbitrary expanded lattice angle Z(F, AqAi . . . An) and denote it by ^. If #(<&) = 
k/2 for some integer k, then ^ is proper lattice congruent to an angle of one of the types I-III. 
Let #($) = 1/4, then the expanded lattice angle <1> is proper lattice-congruent to the expanded 
lattice angle defined by the sail of the ordinary lattice angle ZA^VAn of the type IVq. 

Suppose now, that #(<!>) = l/4+fc/2 for some positive integer k, then one of its lattice signed 
length-sine sequence is of the following form: 

((1,-2,1,-2) X (/c- l)-times,l,-2,l,m,ao,...,a2n), 

where Oj > 0, for i = 0, . . . , 2n. By Lemma 3.15 the expanded lattice angle defined by this 
sequence is proper lattice-congruent to an expanded lattice angle of the type IV^ defined by the 
sequence 

((1, -2, 1, -2) X (fc - l)-times, 1, -2, 1, -2, oq, . . . , a2n) • 

Finally, let #($) = 1/4— /c/2 for some positive integer k, then one of its lattice signed length- 
sine sequence is of the following form: 

((-1,2,-1,2) X (A;- l)-times,-l,2, -l,m,ao,...,a2„), 

where Oj > 0, for i = 0, . . . , 2n. By Lemma 3.15 the expanded lattice angle defined by this 
sequence is proper lattice-congruent to an expanded lattice angle of the type V^ defined by the 
sequence 

((-1, 2, -1, 2) X (fc - l)-times, -1, 2, -1, 2, aq, • • • , a2n) • 

This completes the proof of Theorem 3.14. D 

Let us finally give the definition of trigonometric functions for the expanded lattice angles 
and describe some relations between ordinary and expanded lattice angles. 

Definition 3.16. Consider an arbitrary expanded lattice angle $ with the normal form kir+ip 
for some ordinary (possible zero) lattice angle (p and for an integer k. 

a). The ordinary lattice angle (p is said to be associated with the expanded lattice angle $. 
b). The numbers ltan{(p), \sm((p), and lcos(c/?) are called the lattice tangent, the lattice sine, and 
the lattice cosine of the expanded lattice angle $. 

Since all sails for ordinary lattice angles are lattice oriented broken lines, the set of all ordinary 
angles is naturally embedded into the set of expanded lattice angles. 
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Definition 3.17. For any ordinary lattice angle (p the angle 

Ovr + larctan(ltan ip) 
is said to be corresponding to the angle (p and denoted by '•p. 

From Theorem 3.14 it follows that for any ordinary lattice angle (p there exists and unique an 
expanded lattice angle Tp corresponding to (p. Therefore, two ordinary lattice angles 'pi and p2 
are lattice-congruent iff the corresponding lattice angles p-,^ and ^2 ^^^ proper lattice-congruent. 

3.2.5. Opposite expanded lattice angles. Sums of expanded lattice angles. Sums of ordinary lattice 
angles. Consider an expanded lattice angle $ with the vertex V for some equivalence class of 
a given lattice oriented broken line. The expanded lattice angle ^ with the vertex V for the 
equivalence class of the inverse lattice oriented broken line is called opposite to the given one 
and denoted by — <1>. 

Proposition 3.18. For any expanded lattice angle ^ = kTT+p we have: 

-$^(-/c- l)7r+ {-K -p). 

U 

Let us introduce the definition of sums of ordinary and expanded lattice angles. 

Definition 3.19. Consider arbitrary expanded lattice angles $j, i = 1,...,/. Let the char- 
acteristic sequences for the normal forms of <I>i be (ao,i, ai^j, . . . ,a2nj,i) for i = 1,...,/. Let 
M = {nil, ■ ■ ■ 1 w-z-i) be some (/— l)-tuple of integers. The normal form of any expanded lattice 
angle, corresponding to the following lattice signed length-sine sequence 

(ao,i)Oi,i, . . . ,a2ni,i,mi,ao,2,ai,2, • • • , 02*12,2, ""1-2, • • • 
• • • ,'>ni-i,ao^i,ai^i, . . . ,a2n,,/), 
is called the M-sum of expanded lattice angles <l>j (i = 1, . . . , /) and denoted by 
I 
y^ ^i, or equivalently by $1 +mi $2 +m2 • • • +m,_i $/• 

M,i=l 

Proposition 3.20. The M-sum of expanded lattice angles ^i {i = 1, . . . ,1) is well-defined. D 

Let us say a few words about properties of M-sums. 

The M-sum of expanded lattice angles is non-associative. For example, let <I>i = larctan 2, 
$2^1arctan(3/2), and $3 ^larctan 5. Then 

$1 +_i $2 +-1 <1>3 = vr -I- larctan(4), 
$1 +^i ($2 +-1 ^3) = 27r, 
($1 +-i $2) +-1 ^3 = larctan(l). 

The M-sum of expanded lattice angles is non-commutative. For example, let <I>i = larctan 1, 
and $2 — larctan 5/2. Then 

$1 +-^ $2 = larctan(12/7), 
$2 +1 $1 = larctan(13/5). 

Remark 3.21. The M-sum of expanded lattice angles is naturally extended to the sum of classes 
of proper lattice-congruences of expanded lattice angles. 
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We conclude this section with the definition of sums of ordinary lattice angles. 

Definition 3.22. Consider ordinary lattice angles Oj, where i = l,...,l. Let Txi be the cor- 
responding expanded lattice angles for Oj, and M = {nii, . . . ,7ni_^i) be some (/— l)-tuple of 
integers. The ordinary lattice angle (p associated with the expanded lattice angle 

<I> = ai +mi "2 +m2 • • • +m;_i Oi- 
ls called the M-sum of ordinary lattice angles Ui {i = 1, . . . ,1) and denoted by 
I 
y^ ai, or equivalently by ai +«! "2 +m2 • • • +mi_i «/• 

M,i=l 

Remark 3.23. Note that the sum of ordinary lattice angles is naturally extended to the classes 
of lattice-congruences of lattice angles. 

4. Relations between expanded lattice angles and ordinary lattice angles. 
Proof of the first statement of Theorem 2.2. 

In this section we show how to calculate the ordinary angle ip of the normal form: we describe 
relations between continued fractions for lattice oriented broken lines and the lattice tangents for 
the corresponding expanded lattice angles. Then we prove the first statement of the theorem on 
sums of lattice tangents for ordinary lattice angles in lattice triangles. Further we define lattice- 
acute-angled triangles. We conclude this section with a necessary and sufficient condition for an 
ordered n-tuple of angles to be the angles of some convex lattice polygon. 

Throughout this section we again fix some lattice basis and use the system of coordinates 
OXY corresponding to this basis. 

4.1. On relations between continued fractions for lattice oriented broken lines and 
the lattice tangents of the corresponding expanded lattice angles. For any real number 
r we denote by [r\ the maximal integer not greater than r. 

Theorem 4.1. Consider an expanded lattice angle <1> = Z(y, AqAi . . . An) ■ Suppose, that 
the normal form for <1> is kir+ip for some integer k and an ordinary lattice angle (p. Let 
(ao, fli, ..., 02^-2) be the lattice signed length-sine sequence for the lattice oriented broken line 
AqAi . . . An- Suppose that 

]ao,ai,... ,a2n-2[= q/p- 
Then the following holds: 

larctan(l), if q/p=oo, 

lavctan{q/p), if q/p>l, 

larctan f |„|_im„i'^ivi.i ii„i ) , ifO<q/p<l, 



"P 



.|p|-L(bl-i)/l<?IJkl. 
0, if q/p = 0, 

TT - larctan ( i^i uid'-'iWIdllal ) ' */ -l<g/P<0, 



,|p|-L{H-i)/klJI'? 
TT — larctan (—g/p), if q/p^ — 1- 

Proof. Consider the following linear coordinates (*,*)' on the plane M?, associated with the 
lattice oriented broken line Aq^i . . . An and the point V. Let the origin O' be at the vertex 
V, (1,0)' = ^0, and (1,1)' = Aq + -^ sgn{AQO' Ai)AqAi. The other coordinates are uniquely 
defined by linearity. We denote this system of coordinates by O'X'Y' . 



ELEMENTARY NOTIONS OF LATTICE TRIGONOMETRY. 25 

The set of integer points for the coordinate system O'X'Y' coincides with the set of lattice 
points of M^. The basis of vectors (1,0)' and (0, 1)' defines a positive orientation. 

Suppose that the new coordinates of the point An are (p', q')' . Then by Theorem 3.5 we have 
q' /p' = q/p. This directly implies the statement of the theorem for the cases q'>p'>0, q' /p' = 0, 
and q' /p' = oo. 

Suppose now that p'>q'>0. Consider the ordinary lattice angle ip = ZAgPAn. Let Bq . . . Bm 
be the sail for it. The direct calculations show that the point 



D = Bo+ '''''' 



li{BoBi 



coincides with the point (l+[(p' — l)/q'\, 1) in the system of coordinates O'X'Y'. 

Consider the proper lattice-linear (in the coordinates O'X'Y') transformation ^ that takes the 
point Aq = Bq to itself, and the point D to the point (1, 1)'. These conditions uniquely identify 

1 -lip'-l)/q'\ 



^-> 

The transformation ^ takes the point An = Bm with the coordinates (p' , q') to the point with 
the coordinates {p' — [{p' — l)/q' \q' ,q')' ■ Since q'/p' = q/p, we obtain the following 

if = larctan ( — -— — Trrm ) ~ larctan 



p' - Up' -i)/q'\q'J vp- L(p- 1)/^]"? 

The proof for the case q' > and p' < repeats the described cases after taking to the 
consideration the adjacent angles. 

Finally, the case of q' < repeats all previous cases by the central symmetry (centered at the 
point O') reasons. 

This completes the proof of Theorem 4.1. D 

Corollary 4.2. The revolution number and the continued fraction for any lattice oriented broken 
line on the unit distance from the vertex uniquely define the proper lattice- congruence class of 
the corresponding expanded lattice angle. D 

4.2. Proof of Theorem 2.2a: two preliminary lemmas. We say that the lattice point P 
is on the lattice distance k from the lattice segment AB if the lattice vectors of the segment AB 
and the vector AP generate a sublattice of the lattice of index k. 

Definition 4.3. Consider a lattice triangle AABC. Denote the number of lattice points on 
the unit lattice distance from the segment AB and contained in the (closed) triangle AABC by 
lii{AB; C) (see on Figure 7). 

Note that all lattice points on the lattice unit distance from the segment AB in the (closed) 
lattice triangle AABC are contained in one straight line parallel to the straight line AB. Besides, 
the integer \ii{AB;C) is positive for any triangle AABC. 

Now we prove the following lemma. 

Lemma 4.4. For any lattice triangle AABC the following holds 



ZCAB +\e(AB)~Ui(AB;C)-i ZABC +\e(BC)-Ui{BC;A)~i ZBCA = tt. 
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Figure 7. For the given triangle AABC we have l£i{AB; C) = 5. 

Proof. Consider an arbitrary lattice triangle AABC. Suppose that the couple of vectors BA and 
BC defines the positive orientation of the plane (otherwise we apply to the triangle AABC some 
lattice-afhne transformation changing the orientation and come to the same position). Denote 
(see Figure 9 below): 

D = A + 'BC, and E = A + AC. 

Since CADB is a parallelogram, the triangle ABAD is proper lattice-congruent to the tri- 
angle AABC. Thus, the angle ZBAD is proper lattice-congruent to the angle ZABC, and 
l£i{BA; D) = \ii{AB] C). Since EABD is a parallelogram, the triangle AAED is proper lattice- 
congruent to the triangle ABAD, and hence is proper lattice-congruent to the triangle AABC. 
Thus, ADAE is proper lattice-congruent to ABC A, and Ui{DA;E) = Ui[BC;A). 

Let Aq . . . An be the sail of ZCAB with the corresponding lattice length-sine sequence 
(ao, . . . , a2n~2)- Let BqBi . . . Bm be the sail of ZBAD (where Bq = An) with the corresponding 
lattice length-sine sequence {bo, ... , &2m-2)- And let CqCi . . .Ci be the sail of ZDAE (where 
Co = Bm) with the corresponding lattice length-sine sequence (cq, . . . ,021-2)- 

Consider now the lattice oriented broken line 

Aq . . . AnBoBi . . . BmCoCi . . .Ci. 
The lattice oriented length-sine sequence for this broken line is 

(ao, . . . ,a2n-2,t,bo, . . . ,b2m-2,U,Co, . . . ,021-2)- 

By definition of the sum of expanded lattice angles this sequence defines the expanded lattice 
angle 

By Theorem 4.1, 



ZCAB +t ZBAD +u ZDAE. 



ZCAB +t ZBAD +u ZDAE = vr. 

Let us find an integer t. Denote by A'^ the closest lattice point to the point An and distinct 
to An in the segment An-iAn. Consider the set of lattice points on the unit distance from the 
segment AB and lying in the half-plane with the boundary straight line AB and containing the 
point D. This set coincides with the following set (See Figure 8): 

\-^n,k ^ -^n T -Afi ri ~r KAAn\K G £i^ . 



Since An -2 = A + A'nA, the points An^k for k < —2 are in the closed half-plane bounded by 
the straight line AC and not containing the point B. 
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Figure 8. Lattice points An^f 



Since A^^-i = A + A'^A^, the points An^k for k > —1 are in the open half-plane bounded by 
the straight line AC and containing the point B. 

The intersection of the parallelogram AEDB and the open half-plane bounded by the straight 
line AC and containing the point B contains exactly \i.{AB) points of the described set: only 
the points A^^k with -1 < A: < U{AB)-2. 

Since the triangle ABAD is proper lattice-congruent to AABC, the number of points A^^k 
in the closed triangle ABAD is \ii{AB;C): the points An^k for 

U{AB) - Ui{AB; C) - 1 < k < U{AB) - 2. 

Denote the integer U{AB)-\ii{AB;C)-l by /cq. 

The point An^ko i^ contained in the segment BqBi of the sail for the ordinary lattice angle 
ZBAD (see Figure 9). Since the angles ABAD and ZABC are proper lattice-congruent, we 
have 

t = sgn(A„_i^^„) sgn{AnABi) sgn(A„_i^„Si) lsinZ^„_iAt^i = 

1 • 1 • sgn(A„_iA„^„_fe,))lsinZAt-i^n^n,fco = 
sign{ko)\ko\ = ko = U{AB) -Ui{AB;C) - 1. 
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Figure 9. The point An^k^- 



Exactly by the same reasons, 

u = U{DA) - Ui{DA- E)-l = U{BC) - Ui{BC; A) - 1. 
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Therefore, ZCAB +u(ab)~Ui{AB;C)-i ^ABC +u(bc)^Ui{bC;A)-i ^BCA = tt. D 

Lemma 4.5. Let a, [3, and 7 he nonzero ordinary lattice angles. Suppose that a+u(3+v^ = tt, 
then there exist a triangle with three consecutive ordinary angles lattice- congruent to a, (3, and^. 

Proof. Denote by O the point (0,0), by A the point (1,0), and by D the point (—1,0) in the 
fixed system of coordinates OXY . 

Let us choose the points B = {pi,qi) and C = {p2,Q2) with integers pi, p2 and positive 
integers qi, q2 such that 



ZAOB = larctan(ltan a), and ZAOC = ZAOB +„ /3. 
Thus the vectors OB and OC defines the positive orientation, and ZBOC = (3. Since 

a +M /3 +« 7 = TT and a +« /3 = ZAOC, 

the ordinary angle ZCOD is lattice-congruent to 7. 

Denote by B' the point {piq2, qiq2), and by C" the point {p2qii qiq2) and consider the triangle 
B'OC . Since the ordinary angle ZB'OC coincides with the ordinary angle ZBOC, we obtain 

ZB'OC ^ fi. 

Since the ordinary angle (5 is nonzero, the points B' and C are distinct and the straight 
line B'C' does not coincide with the straight line OA. Since the second coordinate of the both 
points B' and C equal qiq2, the straight line B'C' is parallel to the straight line OA. Thus, by 
Proposition 1.15 it follows that 



ZC'B'O ^ ZAOB' = ZAOB ^ a, and ZOC'B' ^ ZC'OD = ZCOD ^ 



7- 



So, we have constructed the triangle AB'OC with three consecutive ordinary angles lattice- 
congruent to a, f3, and 7. D 

4.3. Proof of Theorem 2.2a: conclusion of the proof. Now we return to the proof of the 
first statement of the theorem on sums of lattice tangents for ordinary lattice angles in lattice 
triangles. 

Proof of Theorem 2.2a. Let a, (3, and 7 be nonzero ordinary lattice angles satisfying the 
conditions i) and ii) of Theorem 2.2a. 

The second condition 

] Itan(a), — l,ltan(/3), — l,ltan(7)[= 

implies that 

a +_i (3 +-1 7 = kTT. 

Since all three tangents are positive, we have k = 1, or k = 2. 

Consider the first condition: ] Itana, — 1, ltan/?[ is either negative or greater than Itana. It 
implies that a +_i (3 = Oir + ip, for some ordinary lattice angle 93, and hence k = 1. 

Therefore, by Lemma 4.5 there exist a triangle with three consecutive ordinary lattice angles 
lattice-congruent to a, (3, and 7. 

Let us prove the converse. We prove that condition ii) of Theorem 2.2a holds by reductio 
ad absurdum. Suppose, that there exist a triangle AABC with consecutive ordinary angles 
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a = ZCAB, 13 = ZABC, and 7 = ZBCA, such that 

Itaii(a), — 1, ltan(/3), — 1, ltan(7)[ 7^ 
ltan(/?), — l,ltan(7), — l,ltan(a)[ / . 
ltan(7), — l,ltan(a), — 1, ltan(/3)[ 7^ 

These inequahties and Lemma 4.4 imply that at least two of the integers 

U{AB)-iei{AB;C)-l, U{BC)-lii{BC;A)-l, and U{CA)-iei{CA;B)-l 

are nonnegative. 

Without losses of generality we suppose that 

U{AB)-Ui{AB;C)-l > 
ulBC)-ieiiBC;A.)-l > ' 

Since all integers of the continued fraction 

r =]ltan(a),l^(A5) - l£i{AB;C) - l,ltan(/3), 1^(5C) - l£i{BC;A) - l,ltan(7)[ 

are non-negative and the last one is positive, we obtain that r > (or r = oo). From the 
other hand, by Lemma 4.4 and by Theorem 4.1 we have that r = 0/— 1 = 0. We come to the 
contradiction. 

Now we prove that condition i) of Theorem 2.2a holds. Suppose that there exist a triangle 
AABC with consecutive ordinary angles a = ZCAB, (3 = ZABC, and 7 = ZBCA, such that 

]ltan(a),-l,ltan(/3),-l,ltan(7)[= 0. 

Since a+_i/3+_i7 = vr, we have a+-if3 = Oir + ip for some ordinary lattice angle (p. Therefore, 
the first condition of the theorem holds. 

This concludes the proof of Theorem 2.2. D 

Let us give here the following natural definition. 

Definition 4.6. The triangle AABC is said to be lattice- acute- angled if the integers 

l£{AB)-iei{AB-C)-l, U{BC)-l£i{BC;A)-l, and li{CA)-l£i{CA;B)-l 

are all equal to —1. 

The triangle AABC is said lattice right-angled if one of these integers equals 0. 

The triangle AABC is said lattice obtuse-angled if one of these integers is positive. 

Note that the property of the lattice triangle to be lattice acute-angled, right-angled, or 
obtuse-angled cannot be determined by one of the angles, unlike in Euclidean geometry. We will 
illustrate this with the following example. (Actually, there is no relation between right-angled 
triangles and right angles, defined before in Subsubsection 1.2.4.) 

Example 4.7. On Figure 10 we show the lattice obtuse-angled triangle (on the figure to the 
left) with the lattice tangents of its ordinary angles equal to 3/2, 8/3, and 1. Nevertheless, each 
of these lattice angles is not supposed to be "lattice-obtuse" , since three lattice triangles (on 
the figure to the right) are all lattice acute-angled and contain ordinary lattice angles with the 
lattice tangents 3/2, 8/3, and 1. 
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Figure 10. The triangle to the left is lattice obtuse-angled, three triangles to 
the right are all lattice acute-angled. 



4.4. Theorem on sum of lattice tangents for ordinary lattice angles of convex poly- 
gons. A satisfactory description for lattice-congruence classes of lattice convex polygons has 
not been yet found. It is only known that the number of convex polygons with lattice area 
bounded from above by n growths exponentially in n, while n tends to infinity (see [2] and [3]). 
We conclude this section with the following theorem on necessary and sufficient condition for 
the lattice angles to be the angles of some convex lattice polygon. 

Theorem 4.8. Let cti, . . . , a„ be an arbitrary ordered n-tuple of ordinary non-zero lattice angles. 
Then the following two conditions are equivalent: 

- there exist a convex n-vertex polygon with consecutive ordinary lattice angles lattice- congruent 
to the ordinary lattice angles Oi for i = I, . . . ,n; 

- there exist a set of integers M = {mi, . . . , nin-i} such that 



n 

E 

M,i=l 



TT-ai 



2tt. 



Proof. Consider an arbitrary n-tuple of ordinary lattice angles ai, here i = 1, . . . , n. 

Suppose that there exist a convex polygon A1A2 ■ . . An with consecutive angles Qj for i = 
, n. Let also the couple of vectors A2A2 and A2A1 defines the positive orientation of 



1 



the plane (otherwise we apply to the polygon A1A2 . . . An some lattice- affine transformation 
changing the orientation and come to the initial position). 
Let Bi 



0-\-AnAi, and Bi 

Pi 



0+Ai_iAi for i 

ZBiOBi+i, ifi 
ZBnOBi, ifi 



2, . . . , n. We put by definition 

l,...,n-l 
n 



Consider the union of the sails for all /3j. This lattice oriented broken line is of the class of the 
expanded lattice angle with the normal form 27r-|-0. The signed length-sine sequence for this 
broken line contains exactly n— 1 elements that are not contained in the length-sine sequences 
for the sails of /3j. Denote these numbers by mi, . . . , mn-i, and the set {mi, . . . , m„_i} by M. 
Then 



E^ 



27r. 



M,i=l 



From the definition of /3j for i = 1, . . . , n it follows that /3j = vr— Qj. Therefore, 



E 

M,i=l 



TT-a,; 



27r. 
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We complete the proof of the statement in one side. 

Suppose now, that there exist a set of integers M = {mi, . . . , mn-i} such that 

n 
y TT — Ui = 27r. 

M,i=l 

This imphes that there exist lattice points Bi = (1,0), Bi = {xi,yi), for i = 2,...n— 1, and 
Bn = ( — 1,0) such that 

ZBiOBi^i = vr— aj_i, for i = 2, . . . ,n, and ZBiOBn — n—an- 

Denote by M the lattice point 

n 

O + ^OWi. 

i=l 

Since all a, are non-zero, the angles tt— Oj are ordinary. Hence, the origin O is an interior point 
of the convex hull of the points Bi for i = 1, . . . ,k. This implies that there exist two consecutive 
lattice points Bg and Bg+i (or Bn and Bi), such that the lattice triangle ABgMBg+i contains 
O and the edge BgBg+i does not contain O. Therefore, 



O = XiOM + X20Bi + XsOBi+i, 

where Ai is a positive integer, and A2 and A3 are nonnegative integers. So there exist positive 
integers Oj, where i = 1, . . . ,n, such that 






= + }^{aiOBi 



Put by definition Aq = O, and Ai = Ai-i+aiOBi for i = 2, . . . ,n. The broken line Aq^i . . . An 
is lattice and by the above it is closed (i. e. Aq = An). By construction, the ordinary lattice 
angle at the vertex Ai of the closed lattice broken line is proper lattice-congruent to Oj (i = 
1, . . . n). Since the integers Oj are positive for i = 1, . . . ,n and the vectors OBi are all in the 
counterclockwise order, the broken line is a convex polygon. 

The proof of Theorem 4.8 is completed. D 

Remark 4.9. Theorem 4.8 generalizes the statement of Theorem 2.2a. Note that the direct 
generalization of Theorem 2.2b is false: the ordinary lattice angles do not uniquely determine 
the proper lattice-affine homothety types of convex polygons. See an example on Figure 11. 



□ C^* 



Figure 11. An example of different types of polygons with the proper lattice- 
congruent ordinary lattice angles. 

5. On LATTICE IRRATIONAL CASE. 

The aim of this section is to generalize the notions of ordinary and expanded lattice angles 
and their sums to the case of angles with lattice vertices but not necessary lattice rays. We find 
normal forms and extend the definition of lattice sums for a certain special case of such angles. 
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5.1. Infinite ordinary continued fractions. We start with the standard definition of infinite 
ordinary continued fraction. 

Theorem 5.1. Consider a sequence (ag, ai, . . . ,a„, . . .) of positive integers. There exists the 
following limit: r = lim ([oq, ai, . . . , Ofc]) • D 

This representation of r is called an (infinite) ordinary continued fraction for r and denoted 

by [oo,ai,...,a„,...]. 

Theorem 5.2. For any irrational there exists and unique infinite ordinary continued fraction. 
Any rational does not have infinite ordinary continued fractions. D 

For the proofs of these theorems we refer to the book [7] by A. Ya. Hinchin. 

5.2. Ordinary lattice irrational angles. Let A, B, and C do not lie in the same straight 
line. Suppose also that B is lattice. We denote the angle with the vertex at B and the rays BA 
and BC by ZABC. If the open ray BA contains lattice points, and the open ray BC does not 
contain lattice points, then we say that the angle ZABC is ordinary lattice R-irrational angle. 
If the open ray BA does not contain lattice points, and the open ray BC contains lattice points, 
then we say that the angle ZAOB is ordinary lattice L-irrational angle. If the union of open 
rays BA and BC does not contain lattice points, then we say that the angle ZABC is ordinary 
lattice LR-irrational angle. We also call R-irrational, L-irrational, and LR-irrational angles by 
irrational angles. 

Definition 5.3. Two ordinary lattice irrational angles ZAOB and ZA'O'B' are said to be 
lattice- congruent if there exist a lattice-afhne transformation which takes the vertex O to the 
vertex O' and the rays OA and OB to the rays O'A' and O'B' respectively. We denote this as 
follows: ZAOB ^ ZA'O'B'. 

5.3. Lattice-length sequences for ordinary lattice irrational angles. In this subsection 
we generalize the notion of lattice-length sequences for the case of ordinary lattice irrational 
angles and study its elementary properties. 

Consider an ordinary lattice angle ZAOB. Let also the vectors OA and OB be linearly 
independent. 

Denote the closed convex solid cone for the ordinary lattice irrational angle ZAOB by 
C{AOB). The boundary of the convex hull of all lattice points of the cone C{AOB) except 
the origin is homeomorphic to the straight line. The closure in the plane of the intersection of 
this boundary with the open cone AOB is called the sail for the cone C{AOB). A lattice point 
of the sail is said to be a vertex of the sail if there is no lattice segment of the sail containing 
this point in the interior. The sail of the cone C{AOB) is a broken line with an infinite number 
of vertices and without self-intersections. We orient the sail in the direction from OA to OB. 
(For the definition of the sail and its higher dimensional generalization, see, for instance, the 
works [1], [16], and [10].) 

In the case of ordinary lattice R-irrational angle we denote the vertices of the sail by Vi, for 
i > 0, according to the orientation of the sail (such that Vq is contained in the ray OA). In the 
case of ordinary lattice L-irrational angle we denote the vertices of the sail by V-i, for i > 0, 
according to the orientation of the sail (such that Vq is contained in the ray OB). In the case of 
ordinary lattice LR-irrational angle we denote the vertices of the sail by V-^i, for i G Z, according 
to the orientation of the sail (such that Vq is an arbitrary vertex of the sail) . 
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Definition 5.4. Suppose that the vectors OA and OB of an ordinary lattice irrational angle 
ZAOB are linearly independent. Let Vi be the vertices of the corresponding sail. The sequence 
of lattice lengths and sines 

(\l(yoVi),\sm Z.V0V1V2, U{ViV2),hin ZyxV^Vz, • . .), or 

(. . . , Isin Z.V_^V^2y-iMy-2y^i)M^ Z.V^2V-iVo, U{V-iVq)), or 

{...MnZy-2V-iVQ,U{V-iV(,)MnZ.V-iVQVi,U{VQVi),...) 

is called the lattice length-sine sequence for the ordinary lattice irrational angle ZAOB, if this 
angle is R-irrational, L-irrational, or LR-irrational respectively. 

Proposition 5.5. a). The elements of the lattice length-sine sequence for any ordinary lattice 
irrational angle are positive integers. 

b). The lattice length-sine sequences of lattice- congruent ordinary lattice irrational angles coin- 
cide. D 

5.4. Lattice tangents for ordinary lattice R-irrational angles. In this subsection we show, 
that the notion of lattice tangent is well-defined for the case of ordinary lattice R-irrational 
angles. We also formulate some basic properties of lattice tangent. 

Let us generalize a notion of tangent to the case of R-irrational angles using the property of 
Theorem 1.10 for tangents of ordinary angles. 

Definition 5.6. Let the vectors OA and OB of an ordinary lattice R-irrational angle ZAOB 
be linearly independent. Suppose that Vi are the vertices of the corresponding sail. Let 

{U{VoVi),hm ZFol^iVa, • • • , Isin ZV;_2K-iK, M(K-iK), • • •) 

be the lattice length-sine sequence for the ordinary lattice angle ZAOB. The lattice tangent of 
the ordinary lattice R-irrational angle ZAOB is the following number 

[U{VoVi), Isin ZV0V1V2, ..., Isin ZK^sK-iK, l£(V;_iK), . . .]. 

We denote it by Itan ZAOB. We say also that this number is the continued fraction associated 
with the sail of the ordinary lattice R-irrational angle ZAOB. 

Proposition 5.7. a). For any ordinary lattice R-irrational angle ZAOB with linearly indepen- 
dent vectors OA and OB the number Itan ZAOB is irrational and greater than 1. 
b). The values of the function Itan at two lattice- congruent ordinary lattice angles coincide. D 

5.5. Lattice arctangent for ordinary lattice R-irrational angles. We continue with the 
definition of lattice arctangents for ordinary lattice R-irrational angles and the main properties 
of these arctangents. 

Consider the system of coordinates OXY on the space M? with the coordinates {x, y) and the 
origin O. We work with the integer lattice of OXY . 

For any rationals pi and p2 we denote by api,p2 the angle with the vertex at the origin and 
two edges {{x.,pix)\x > 0}, where i = 1,2. 

Definition 5.8. For any irrational real s > 1, the ordinary lattice angle ZAOB with the vertex 
O at the origin, A = (1,0), and B = (1, s), is called the lattice arctangent of s and denoted by 
larctans. 

Theorem 5.9. a). For any irrational s, such that s > 1, 

ltan(larctan s) = s. 
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b). For any ordinary lattice R-irrational angle a the following holds: 

larctan(ltanQ) = a. 

Proof. Let us prove the first statement of the theorem. Let s > 1 be some irrational real. Suppose 
that the sail of the angle larctan s is the infinite broken line ^o^i • • • and the corresponding 
ordinary continued fraction is [ao, oi, 0,2, ■ ■ ■]■ Let also the coordinates of Ai be {xi,yi). 

We consider the ordinary lattice angles ai, corresponding to the broken lines Aq . . . Ai, for 
i > 0. Then, 

lim (yi/xi) = s/l. 

i— »oo 

By Theorem 1.7 for any positive integer i the ordinary lattice angle ai coincides with 
larctan([ao, ai, . . . , 021-2]), and hence the coordinates {xi,yi) of Ai satisfy 

Vi/xi = [ao,ai,... ,a2j-2]- 

Therefore, 

lim([ao,ai,...,a2i-2]) = s. 

i—KX) 

So, we obtain the first statement of the theorem: 

ltan(larctan s) = s. 

Now we prove the second statement. Consider an ordinary lattice R-irrational angle a. Sup- 
pose that the sail of the angle a is the infinite broken line Aq^i .... 

For any positive integer i we consider the ordinary angle ai, corresponding to the broken lines 
Ao...Ai. 

Denote by C(/3) the cone, corresponding to the ordinary lattice (possible irrational) angle /?. 
Note that C(/3') and C(/?") are lattice-congruent iff /? = /?'. 

By Theorem 1.7 we have: 

larctan (ItancKj) = ai. 
Since for any positive integer n the following is true 

n n 

(J C{ai) = (J C (larctan (ItanQi)) 
we obtain 

CO 00 

C{a) = [J C{ai) = [J C(larctan(ltanaj)) = C(larctan(ltana)). 

1=1 i=l 

Therefore, 

larctan(ltanQ) = a. 

This concludes the proof of Theorem 5.9. D 

There is a description of ordinary lattice R-irrational angles similar to the description of 
ordinary lattice angles (see Proposition 1.5e). 

Theorem 5.10. (Description of ordinary lattice R-irrational angles.) 

a). For any sequence of positive integers (ao,ai, 02, . . .) there exist some ordinary lattice R- 

irrational angle a such that Itana = [ao, ai,a2) • • •]• 

b). Two ordinary lattice R-irrational angles are lattice- congruent iff they have equal lattice 

tangents. 
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Proof. Theorem 5.9a implies the first statement of the theorem. 

Let us prove the second statement. Suppose that the ordinary lattice R-irrational angles a 
and /3 are lattice-congruent, then their sails are also lattice-congruent. Thus their lattice-sine 
sequences coincide. Therefore, Itan a = Itan f3. 

Suppose now that the lattice tangents for two ordinary lattice R-irrational angles a and /3 
are equivalent. Since for any irrational real the corresponding continued fraction exists and is 
unique, the lattice length-sine sequences for the the sails of a and (3 coincide. 

Let Va be the vertex of the angle a, and AqAi ... be the sail for a. For any positive integer 
i denote by a, the angle AoVaAi (with the sail Aq . . . Ai). Let Vp be the vertex of the angle (3, 
and BqBi ... be the sail for (3. For any positive integer i denote by f3i the angle BoVaBi (with 
the sail Bq . . . Bi). 

Since the ordinary lattice R-irrational angles a and /3 have the same lattice length-sine se- 
quences, for any integer i the ordinary lattice angles Ui and /3j have the same lattice length-sine 
sequences, and, therefore, aj = /3j. 

Consider the lattice- afiine transformation ^ that takes the vertex Va to the vertex Vg, the 
lattice point Aq to the lattice point Bq and Ai to Bi. (Such transformation exist since \I!.{AqAi) = 
li{BoBi).) 

Choose an arbitrary i > 1. Since 

^{Ao) = Bo, ^{Ai)=Bi, and a, ^ A, 

we have $,{Ai) = $,{Bi). This implies that the lattice-afiine transformation ^ takes the sail for 
the ordinary lattice R-irrational angle a to the sail for the ordinary lattice R-irrational angle /?. 
Therefore, the angles a and /? are lattice-congruent. D 

Corollary 5.11. (Description of ordinary lattice L-irrational and LR-irrational an- 
gles.) 

a). For any sequence of positive integers (. . . , o_2) O-ijQo) {respectively (. . . a_i,ao,ai, • • •)) 
there exists an ordinary lattice L-irrational (LR-irrational) angle with the given LLS-sequence. 
b). Two ordinary lattice L-irrational (LR-irrational) angles are lattice- congruent iff they have 
the same LLS-sequences. 

Proof. The statement on L-irrational angles follows immediately from Theorem 5.10. 

Let us construct a LR-angle with a given LLS-sequence (. . . a_i, ag, ai, . . .). First we construct 

ai = larctan([ao, ai, a2, . . .]). 

Denote the points (1,0) and (l,ao) by Aq and Ai and construct the angle a2 lattice-congruent 
to the angle 

larctan([ao, fl-i, a_2, • • •])• 

having the first two vertices Ai and Aq respectively. Now the angle obtained by the rays of ai 
and a2 that do not contain lattice points is the LR-angle with the given LLS-sequence. 

Suppose now we have two LR-angles /3i and (32 with the same LLS-sequences. Consider a 
lattice transformation taking the vertex of (32 to the vertex of /3i, and one of the segments of 
(32 to the segment BqBi of /3i with the corresponding order in LLS-sequence. Denote this angle 
by ^2- Consider the R-angles (3i and (32 corresponding to the sequences of vertices of (3i and P2 
starting from Vq in the direction to Vi. These two angles are lattice-congruent by Theorem 5.10, 
therefore (3i and (32 coincide. So the angles (3i and (32 have a common ray. By the same reason 
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the second ray of /3i coincides with the second ray of /Jg- Therefore qi coincides with P'2 and 
lattice-congruent to /32- □ 

5.6. Lattice signed length-sine infinite sequences. In this section we work in the oriented 
two-dimensional real vector space with the fixed lattice. As previously, we fix coordinates OXY 
on this space. 

A union of (ordered) lattice segments . . . , Ai^iAi, AjAj+i, ^j+i^j+2 5 • • • infinite to the right (to 
the left, or both sides) is said to be a lattice oriented R-infinite (L-infinite, or LR-infinite) broken 
line, if any segment of the broken line is not of zero length, and any two consecutive segments are 
not contained in the same straight line. We denote this broken line by . . . Ai-iAiAi^iAi^2 ■ ■ ■ 
We also say that the lattice oriented broken line . . . Aj+2^i+i^j^j-i ... is inverse to the broken 
line . . . Ai^iAiAi+iAi+2 ■ ■ ■ 

Definition 5.12. Consider a lattice infinite oriented broken line and a point not in this line. 
The broken line is said to be on the unit distance from the point if all edges of the broken line 
are on the unit lattice distance from the given point. 

Now, let us now associate to any lattice infinite oriented broken line on the unit distance from 
some point the following sequence of non-zero elements. 

Definition 5.13. Let . . . Ai^iAiAi^iAi^2 ■ ■ ■ be a lattice oriented infinite broken line on the 
unit distance from some lattice point V. Let 

a2i-3 = sgn{Ai_2VAi_i) sgn{Ai_iVAi) sgn{Ai_2A-iAi) lsinZAj_2^i-i^i, 
a2i-2 = sgn{Ai_iVAi)ie{Ai_iAi) 

for all possible indexes i. The sequence (. . . 024-3, a2j-2, 021-1 • . •) is called a lattice signed length- 
sine sequence for the lattice oriented infinite broken line on the unit distance from V. 

Proposition 5.14. A lattice signed length-sine sequence for the given lattice infinite oriented 
broken line and the point is invariant under the group action of proper lattice-affine transforma- 
tions. 

Proof. The statement of the proposition holds, since the functions sgn, \i, and Isin are invariant 
under the group action of proper lattice-affine transformations. D 

5.7. Proper lattice-congruence of lattice oriented infinite broken lines on the unit 
distance from the lattice points. Let us formulate a necessary and sufficient conditions for 
two lattice infinite oriented broken lines on the unit distance from two lattice points to be proper 
lattice-congruent . 

Theorem 5.15. The lattice signed length-sine sequences of two lattice infinite oriented broken 
lines on the unit distance from lattice points Vi and V2 coincide, iff there exist proper lattice- 
affine transformation taking the point Vi to V2 and one oriented broken line to the other. 

Proof. The lattice signed length-sine sequence for any lattice infinite oriented broken line on the 
unit distance is uniquely defined, and by Proposition 3.3 is invariant under the group action of 
proper lattice-affine transformations. Therefore, the lattice signed length-sine sequences for two 
proper lattice-congruent broken lines coincide. 

Suppose now that we have two lattice oriented infinite broken lines . . . Ai-iAiAi^i . . ., and 
. . . Bi^iBiBi^i ... on the unit distance from the points Vi and V2, and with the same lattice 
signed length-sine sequences. Consider the lattice-affine transformation ^ that takes the point Vi 
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to V2, Ai to Bi, and Aj+i to Sj+i for some integer i. Since sgn{AiVAi^i) = sgn{BiVBi-^^i), the 
lattice-afRne transformation ^ is proper. By Theorem 3.4 the transformation ^ takes any finite 
oriented broken hne AgA^^i . . . At containing the segment AiAi^i to the oriented broken hne 
BgB s+i ■ ■ ■ Bf. Therefore, the transformation ^ takes the lattice oriented infinite broken hnes 
. . . Ai-iAiAi^i ... to the oriented broken line . . . Bi^iBiBij^i . . . and the lattice point Vi to the 
lattice point V2. 

This concludes the proof of Theorem 5.15. D 

5.8. Equivalence classes of almost positive lattice infinite oriented broken lines and 
corresponding expanded lattice infinite angles. We start this subsection with the following 
general definition. 

Definition 5.16. We say that the lattice infinite oriented broken line on the unit distance from 
some lattice point is almost positive if the elements of the corresponding lattice signed length-sine 
sequence are all positive, except for some finite number of elements. 

Let I be the lattice (finite or infinite) oriented broken line . . . An-iAn . . . AmAm+i ■ ■ ■ Denote 
by /(— 00, An) the broken line . . . An-iAn- Denote by l{Am, +00) the broken line AmA„i+i ■ ■ ■ 
Denote by I {An, Am) the broken line An ■ ■ ■ Ar, 



^m- 



Definition 5.17. Two lattice oriented infinite broken lines /i and I2 on unit distance from V 

are said to be equivalent if there exist two vertices Wn and W12 of the broken line li and two 

vertices W21 and W22 of the broken line I2 such that the following three conditions are satisfied: 

i) the broken line /i(— 00, Wn) coincides with the broken line l2{—oo, W21)', 

ii) the broken line /i(H^i2,+oo) coincides with the broken line /2(W^22, +00); 

Hi) the closed broken line generated by hiWu, W12) and the inverse of ^2(1^21, ^22) is homotopy 

equivalent to the point on M? \ {V}. 

Now we give the definition of expanded lattice irrational angles. 

Definition 5.18. An equivalence class of lattice R/L/LR-infinite oriented broken lines on unit 
distance from V containing the broken line / is called the expanded lattice R/L/LR-infinite angle 
for the equivalence class of I at the vertex V and denoted by Z{V;l) (or, for short, expanded 
lattice R/L/LR-infinite angle). 

Definition 5.19. Two expanded irrational lattice angles $1 and <&2 are said to be proper lattice- 
congruent iff there exist a proper lattice-affine transformation sending the class of lattice oriented 
broken lines corresponding to <l>i to the class of lattice oriented broken lines corresponding to 
$2- We denote it by $1 ^ $2- 

Remark 5.20. Since all sails for ordinary lattice irrational angles are lattice infinite oriented 
broken lines, the set of all ordinary lattice irrational angles is naturally embedded into the set of 
expanded lattice irrational angles. An ordinary lattice irrational angle with a sail S corresponds 
to the expanded lattice irrational angle with the equivalence class of the broken line S. 

5.9. Revolution number for expanded lattice L- and R-irrational angles. Let us extend 
the revolution number to the case of almost positive infinite oriented broken lines. 

Definition 5.21. Let . . . Ai-iAiAi^i ... be some lattice R-, L- or LR-infinite almost positive 
oriented broken line, and r = {V + AU|A > 0} be the oriented ray for an arbitrary vector v with 
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the vertex at V. Suppose that the ray r does not contain the edges of the broken Une, and the 
broken hne does not contain the vertex V. We cah the number 

hm ^{r,V,AQAi...An) if the broken hne is R-infinite, 

n— >+oo 

Um #(r, y, A_„ . . . y4_iAo) if the broken hne is L-infinite, 

n— >+oo 

hm ^{r,V,A-nA-n+i---An) if the broken hne is LR-infinite 

the intersection number of the ray r and the lattice almost positive infinite oriented broken line 
broken line . . . Ai^iAiAi^i . . . and denote it by #(r, V, . . . Ai-^iAiAi^i . . .). 

Proposition 5.22. The intersection number of the ray r and an almost positive lattice infinite 
oriented broken line is well-defined. 

Proof. Consider an almost positive lattice infinite oriented broken line /. Let us show that the 
broken line I intersects the ray r only finitely many times. 

By Definition 5.16 there exist vertices Wi and W2 of this broken line such that the signed 
lattice-sine sequence for the lattice oriented broken line l{—oo,Wi) contains only positive ele- 
ments, and the signed lattice-sine sequence for the oriented broken line 1{W2, +00) also contains 
only positive elements. 

The positivity of lattice-sine sequences implies that the lattice oriented broken lines 
l{—oo,Wi), and l{W2,+oo) are the sails for some angles with the vertex V. Thus, these two 
broken lines intersect the ray r at most once each. Therefore, the broken line / intersects the ray 
r at most once at the part /(— 00, Wi), only a finite number times at the part l{Wi, W2), and at 
most once at the part l{W2,+oo). 

So, the lattice infinite oriented broken line / intersects the ray r only finitely many times, and, 
therefore, the corresponding intersection number is well-defined. D 

Now we give a definition of the lattice revolution number for expanded lattice R-irrational 
and L-irrational angles. 

Definition 5.23. a). Consider an arbitrary R-infinite (or L-infinite) expanded lattice angle 
Z{V,l), where V is some lattice point, and / is a lattice infinite oriented almost-positive broken 
line. Let ^0 be the first (the last) vertex of /. Denote the rays {V + Ay^ol-^ ^ 0} and 
{V — XVAq\X > 0} by r_|_ and r_ respectively. The following number 

i(#(r+,F,0 + #(r-,y,0) 

is called the lattice revolution number for the expanded lattice irrational angle Z{V,l), and 
denoted by #(Z(y,/)). 

Proposition 5.24. The revolution number of an R-irrational (or L-irrational) expanded lattice 
angle is well-defined. 

Proof. Consider an arbitrary expanded lattice R-irrational angle Z{V, AqAi . . .). Let 



r+ = {V + XVAo\\>0} and r^ = {V-XVAo\X>0}. 

Since the lattice oriented broken line Aovli^2 ... is on the unit lattice distance from the point 
V, any segment of this broken line is on the unit lattice distance from V. Thus, the broken line 
does not contain V, and the rays r_|_ and r_ do not contain edges of the broken line. 

Suppose that 

ZV,AoAiA2... = ZV',A'qA[A'^... 
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This implies that V = V, Aq = A'q, An-\-k = ^'m+k ^°^ some integers n and m and any non- 
negative integer k, and the broken hnes AqAi . . . AnA'^_^ . . . A'^A'q is homotopy equivalent to 
the point on R^ \ {V}. Thus, 

#{Z.V,AoAi...)-#{Z.V',A'^A'^...) = 

i(#(r+,^o^i . ..AnA'^_, . ..A'.A'^) + #(r_, Aq^i . . . AnA'^_^ . . . A',J^^)) 

= 0+0 = 0. 

And hence 

#(Zy, A^A^A2 ...) = #{ZV', A',A[A'^ ...). 

Therefore, the revolution number of any expanded lattice R-irrational angle is well-defined. 

The proof for L-irrational angles repeats the proof for R-irrational angles and is omitted 
here. D 

Proposition 5.25. The revolution number of expanded lattice R/L-irrational angles is invariant 
under the group action of the proper lattice- affine transformations. D 

5.10. Normal forms of expanded lattice R- and L-irrational lattice angles. In this 
subsection we formulate and prove a theorem on normal forms of expanded lattice R-irrational 
and L-irrational lattice angles. 

For the theorems of this subsection we introduce the following notation. By the sequence 

((ao,... ,a„) X /c-times,6o,&i •••)' 
where A; > 0, we denote the sequence: 

(ao, . . . ,a„,ao, . . . ,a„, ... ,ao, . . . ,a„, 6o, 6i, . . .). 

fe-times 
By the sequence 

{...,b^2,b-i,bo,iao,...,an) x fe-times), 
where A; > 0, we denote the following sequence: 

{. . . ,b-2,b-i,bo,aQ, . . . ,an,ao, . . . ,an, ■■■ ,ao, . . . ,a?i). 

^ V ' 

fc-times 
We start with the case of expanded lattice R-irrational angles. 

Definition 5.26. Consider a lattice R-infinite oriented broken line AqAi ... on the unit distance 

from the origin O. Let also Aq be the point (1, 0), and the point Ai be on the line x = 1. If the 

signed length-sine sequence of the expanded ordinary R-irrational angle $o = ^(0,^0^1 • • •) 

coincides with the following sequence (we call it characteristic sequence for the corresponding 

angle) : 

IVfc) ((1,-2,1,-2) X /c-times, ao, ai, . . .), where /c > 0, aj > 0, for z > 0, then we denote the 

angle $0 by /c7r+ larctan([ao, ai, . . .]) and say that $0 is of the type IV^; 

Vfc) ((-1,2,-1,2) X fe-times, ao, ai, . . .), where /c > 0, Oj > 0, for i > 0, then we denote the 

angle <I>o by —kir + larctan([ao, ai, . . .]) and say that $0 is of the type V^. 

Theorem 5.27. For any expanded lattice R-irrational angle $ there exist and unique a type 
among the types IV-V and a unique expanded lattice R-irrational angle <I> of that type such that 
$0 'is proper lattice congruent to ^q. 

The expanded lattice R-irrational angle <I>o is said to be the normal form for the expanded lattice 
R-irrational angle ^. 



40 OLEG KARPENKOV 

Proof. First, we prove that any two distinct expanded lattice R- irrational angles listed in Defini- 
tion 5.26 are not proper lattice-congruent. Let us note that the revolution numbers of expanded 
lattice angles distinguish the types of the angles. The revolution number for the expanded lat- 
tice angles of the type IV^ is 1/4+1/2A; where k >0. The revolution number for the expanded 
lattice angles of the type V^ is 1/4— 1/2A; where k > 0. 

We now prove that the normal forms of the same type IV^ (or V,fc) are not proper 
lattice-congruent for any integer k. Consider the expanded lattice R-infinite angle $ = 
/c7r+larctan([ao,ai, . . .]). Suppose that a lattice oriented broken line AqAiA2 ■ ■ ■ on the unit 
distance from O defines the angle ^. Let also that the signed lattice-sine sequence for this 
broken line be characteristic. 

If k is even, then the ordinary lattice R-irrational angle with the sail ^2fc^2fc+i ... is proper 
lattice-congruent to the angle larctan([ao, ai, • • •])• This angle is a proper lattice-affine invariant 
for the expanded lattice R-irrational angle ^ (since A2k = Aq). This invariant distinguish the 
expanded lattice R-irrational angles of type IV^ (or V^) for even k. 

If k is odd, then denote Bi = V+AiV . The ordinary lattice R-irrational angle with the sail 
B2kB2k+i ... is proper lattice-congruent to the angle larctan([ao, oi, . . .]). This angle is a proper 
lattice-affine invariant of the expanded lattice R-irrational angle <I> (since i?2fc = V^+^o^)- This 
invariant distinguish the expanded lattice R-irrational angles IV^ (or V^) for odd k. 

Therefore, the expanded lattice angles listed in Definition 5.26 are not proper lattice- 
congruent. 

Secondly, we prove that an arbitrary expanded lattice R-irrational angle is proper lattice- 
congruent to some of the expanded lattice angles listed in Definition 5.26. 

Consider an arbitrary expanded lattice R-irrational angle <I> = Z(V^, ^o^i • • •)• Suppose that 
#($) = l/4+A;/2 for some non-negative integer k. By Proposition 5.22 there exist an integer 
positive number uq such that the lattice oriented broken line AngAng+i . . . does not intersect 
the rays r+ = {y-|-AFAo|A > 0} and r_ = {V—XVAo\X > 0}, and the signed lattice length- 
sine sequence {a2no-2,ci2no-i ■ ■ ■) for the oriented broken line AngAnQ+i ■ ■ ■ does not contain 
non-positive elements. 

By Theorem 3.14 there exist integers k and m, and a lattice oriented broken line 

A0B1B2 ■ . . B2kB2k+l ■ ■ ■ B2k+mAno 

with lattice length-sine sequence of the form 

((1,-2,1,-2) X fc-times,6o,6i,...,62m-2), 

where all bi are positives. 

Consider now the lattice oriented infinite broken line AqBiB2 ■ ■ ■ -B2fc+m-i^no^no+i • • • The 
length-sine sequence for this broken line is as follows 

((1, -2, 1, -2) X /c-times, 60, h,---, b2m-2,v, a2„o_2a2n„-i • • •) , 

where v is (not necessary positive) integer. 

Note that the lattice oriented broken line A0B1B2 ■ ■ ■ B2k+m^no is a sail for the angle 
ZAoVAnQ and the sequence ^„o^no+i • • • is a sail for some R-irrational angle (we denote it 
by a). Let Hi be the convex hull of all lattice points of the angle ZAoVAng except the origin, 
and H2 be the convex hull of all lattice points of the angle a except the origin. Note that Hi 
intersects H2 in the ray with the vertex at An^. 
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The lattice oriented infinite broken line B2kB2k+2 ■ ■ ■ B2k+m^no^no+i ■ ■ ■ intersects the ray r_|_ 
in the unique point B2k and does not intersect the ray r_. Hence there exists a straight line / 
intersecting both boundaries of Hi and H2, such that the open half-plane with the boundary 
straight line / containing the origin does not intersect the sets Hi and H2. 

Denote Bq = Aq and i?2fc+m+i = ^no- The intersection of the straight line / with Hi is 
either a point Bg (for 2/c < s < 2/c + m + 1), or a boundary segment BgBg+i for some integer s 
satisfying 2k < s < 2k+m. The intersection of / with H2 is either a point At for some integer 
t > no, or a boundary segment At-iAt for some integer t > uq. 

Since the triangle AVAfBg does not contain interior point of Hi and H2, the lattice points 
of AVAfBg distinct to B are on the segment AfBg. Hence, the segment AtBg is on unit lattice 
distance to the vertex V. Therefore, the lattice infinite oriented broken line 

A0B1B2 . . . BsAtAt+i . . . 

is on lattice unit distance. 

Since the lattice oriented broken line Bk ■ ■ ■ BgAfAt-^-i ... is convex, it is a sail for some 
lattice R-irrational angle. (Actually, the case Bg = At = A^g is also possible, then delete 
one of the copies of A„q from the sequence.) We denote this broken like by C2k+iC2k+2 ■ ■ ■ 
The corresponding signed lattice length-sine sequence is (04^,04^+1,04^+2, •• •)) where q > 
for i > Ak. Thus the signed lattice length-sine sequence for the lattice ordered broken line 
A0B1B2 . ■ ■ B2kC2k+iC2k+2 • • • is 

((1,-2,1,-2) X (/c- l)-times,l,-2, l,ti;, (c4fc,C4fc+i,C4fc+2,---)> 

where w is an integer that is not necessary equivalent to —2. 

Consider an expanded lattice angle Z(V^, AqBiB2 ■ ■ ■ B2kC2k+i)- By Lemma 3.15 there exists 
a lattice oriented broken line Cq . . . C2k+i with the vertices Cq = Aq and C2k+i of the same 
equivalence class, such that C2k = ^2fe, and the signed lattice length-sine sequence for it is 

((1,-2,1,-2) X /c-times,C4fc,C4A;+i). 

Therefore, the lattice oriented R-infinite broken line CqCi . . . for the angle Z(V^, ^0^1 • • •) has 
the signed lattice length-sign sequence coinciding with the characteristic sequence for the angle 

kTT + larctan([c4fc, c^k+i, ■■■])■ Therefore, 

^ = kTT + larctan([c4fc,C4fc+i, . . .]). 

This concludes the proof of the theorem for the case of nonnegative integer k. 
The proof for the case of negative k repeats the proof for the nonnegative case and is omitted 
here. D 

Let us give the definition of trigonometric functions for expanded lattice R-irrational angles. 

Definition 5.28. Consider an arbitrary expanded lattice R-irrational angle <& with the normal 

form kn+ip for some integer k. 

a). The ordinary lattice R-irrational angle if is said to be associated with the expanded lattice 

R-irrational angle <^. 

b). The number ltan(c/?) is called the lattice tangent of the expanded lattice R-irrational angle 

$. 

We continue now with the case of expanded lattice L-irrational angles. 
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Definition 5.29. The expanded lattice irrational angle ^{V, . . . Ai^2^i+iAi . . .) is said to be 
transpose to the expanded lattice irrational angle Z(V^, . . . AiAi^iAi^2 ■ ■ •) and denoted by 

{Z{V,...AA+iAi+2 ■..))'. 

Definition 5.30. Consider a lattice L-infinite oriented broken line . . . A^iAq on the unit distance 

from the origin O. Let also Aq be the point (1,0), and the point A-i be on the straight 

line X = 1. If the signed length-sine sequence of the expanded ordinary L- irrational angle 

<I>o = ^{0, . . . A^iAq) coincides with the following sequence (we call it characteristic sequence 

for the corresponding angle): 

IVfc) (. . . , a_i,ao, (— 2, 1, — 2, 1) x A;-times), where /c > 0, Cj > 0, for i < 0, then we denote the 

angle <l>o by /c7r+ larctan* ( [oq , O-i, • • •]) and say that <I>o is of the type IV^; 

V;^.) (. . . ,a_i,ao, (2, —1,2, —1) x fc-times), where /c > 0, Oj > 0, for i < 0, then we denote the 

angle <l>o by —k7T+ larctan*([ao, a_i, . . .]) and say that <l>o is of the type V^. 

Theorem 5.31. For any expanded lattice L-irrational angle <I> there exist and unique a type 
among the types IV-V and a unique expanded lattice L-irrational angle <l>o of that type such that 
^ is proper lattice congruent to ^q. 

The expanded lattice L-irrational angle <5o is said to be the normal form for the expanded lattice 
L-irrational angle $. 

Proof. After transposing the set of all angles and change of the orientation of the plane the 
statement of Theorem 5.31 coincide with the statement of Theorem 5.27. D 

5.11. Sums of expanded lattice angles and expanded lattice irrational angles. We 

conclude this section with a particular definitions of sums of ordinary lattice angles, and ordinary 
lattice R-irrational or/and L-irrational angles. 

Definition 5.32. Consider expanded lattice angles <5j, where i = 1, . . . ,t, an expanded lattice 
R-irrational angle ^r, and an expanded lattice L-irrational angle ^i. Let the characteristic signed 
lattice lengths-sine sequences for the normal forms of the angles <l>j be (ao,j, ai^j, . . . , a2n^,'i)'-, of 
$r be (ao,r, ai,r, • • •)) and of $; be (. . . , a_i,i, ao,z). 

Let Mr = {mi, . . . ,mt-i,mr) be some t-tuple of integers. The normal form of any expanded 
lattice angle, corresponding to the following lattice signed length-sine sequence 

{aO,l, 0,1,1, ■ ■ ■ ,«2nl,l,'7^l,ao,2,al,2, • • • , a2n2 ,2 , ""1-2 , • • • 

. . . , mt^i,ao,t, «i,t, • • • , a2nt,t'mr, ao,r, «l,r, • • •) 

is called the Mr- sum of expanded lattice angles $i (i = 1, . . . , t) and $r- 

Let Ml = {mi, mi, . . . ,mt-i) be some t-tuple of integers. The normal form for any expanded 

lattice angle, corresponding to the following lattice signed length-sine sequence 

(• • • , 0.-IJ, ao,i, mi, ao^i, ai^i, . . . ,a2ni,i,'rni,ao,2,ai,2, ■ ■ ■ ,«2n2,2,"Z2, . . . 

. . . , m(_i, ao,t, ai^t, • • • , a2nt,t) 

is called the Mi-sum of expanded lattice angles ^i, and ^i {i = 1, . . . ,t). 

Let Mlji = {mi,mi, . . . ,mt^i,m,f) be some {t + l)-tuple of integers. Any expanded lattice 

LR-irrational angle, corresponding to the following lattice signed length-sine sequence 

(• • • )«-!,«) O0,/)'"T'«)fl0,l)Ol,l) • • • ,a2?ii,l,'"T'l,«0,2,ai,2, • • • ,a2n2,2,"^2, . . . 

• • • ,?7Zi_i,ao,j,ai,t, . . . ,a2nt,t'mr,ao^r,ai,r, ■ ■ •) 
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is called a Min-sum of expanded lattice angles ^i, ^i {i = 1, . . . ,t) and ^r- 

Appendix A. On global relations on algebraic singularities of complex 

PROJECTIVE TORIC VARIETIES CORRESPONDING TO INTEGER-LATTICE 

TRIANGLES. 

In this appendix we describe an application of theorems on sums of lattice tangents for the 
angles of lattice triangles and lattice convex polygons to theory of complex projective toric 
varieties. We refer the reader to the general definitions of theory of toric varieties to the works 
of V. I. Danilov [4], G. Ewald [5], W. Fulton [6], and T. Oda [18]. 

Let us briefly recall the definition of complex projective toric varieties associated to lattice 
convex polygons. Consider a lattice convex polygon P with vertices AQ,Ai,...,An- Let the 
intersection of this (closed) polygon with the lattice consists of the points Bi = {xi,yi) for 
i = 0, . . . ,m. Let also Bi = Ai for i = 0, . . . , n. Denote by fi the following set in CP™: 

|(t^itf t-"i-^i : tf tf t-"2-^2 : . . . : t^-t|™t^"'"-^'") |ti, ^2, ^3 G C \ {0}}. 

The closure of the set i7 in the natural topology of CP™ is called the complex toric variety 
associated with the polygon P and denoted by Xp. 

For any i = 0, . . . , m we denote by Ai the point (0 : . . . : : 1 : : . . . : 0) where 1 stands on 
the (i-l-l)-th place. 

From general theory it follows that: 

a) the set Xp is a complex projective complex-two-dimensional variety with isolated algebraic 
singularities; 

b) the complex toric projective variety contains the points Ai for i = 0, . . . , n (where n+\ is 
the number of vertices of convex polygon); 

c) the points of Xp \ {^O) ^i) • • • > ^n} are non-singular; 

d) the point Ai for any integer i satisfying < i < n is singular iff the corresponding ordinary 
lattice angle ai at the vertex Ai of the polygon P is not lattice-congruent to larctan(l); 

e) the algebraic singularity at Ai for any integer i satisfying < i < n is uniquely determined 
by the lattice-affine type of the non-oriented sail of the lattice angle Oj. 

The algebraic singularity is said to be toric if there exists a projective toric variety with the 
given algebraic singularity. 

Note that the lattice-affine classes of non-oriented sails for angles a and (3 coincide iff /3 = a, or 
j3 = a* . This allows us to associate to any complex- two-dimensional toric algebraic singularity, 
corresponding to the sail of the angle a, the unordered couple of rationals (a, 6) , where a = Itan a 
and b = Itan a* . 

Remark A.l. Note that the continued fraction for the sail a is slightly different to the Hirzebruch- 
Jung continued fractions for toric singularities (see the works [9] by H.W.E. Jung, and [8] by 
F. Hirzebruch). The relations between these continued fractions is described in the paper [19] 
by P.Popescu-Pampu. 

Corollary A. 2. Suppose, that we are given by three complex-two-dimensional toric singularities 
defined by couples of rationals (oj, bi) fori = 1, 2, 3. There exist a complex toric variety associated 
with some triangle with these three singularities iff there exist a permutation a & S3 and the 
rationals Ci from the sets {aj,6j} for i = 1,2,3, such that the following conditions hold: 
i) the rational ]c^n-j, — l,Co-(2)[ is either negative or greater than Cg-ri); 
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ii) ]Ca(l),-l,C^(2),-l,C^(3)[= 0. 

We note again that we use odd continued fractions for ci, C2, and C3 in the statement of the 
above proposition (see Subsection 2.1 for the notation of continued fractions). 

Proof. The proposition follows directly from Theorem 2.2a. D 

Proposition A. 3. For any collection (with multiplicities) of complex-two-dimensional toric 
algebraic singularities there exist a complex-two-dimensional toric projective variety with exactly 
the given collection of toric singularities. 

For the proof of Proposition A. 3 we need the following lemma. 

Lemma A. 4. For any collection of ordinary lattice angles ai {i = l,...,n), there exist an 
integer k > n—1 and a k-tuple of integers M = (mi, . . . , ruk), such that 

oT+mi • • • +m„_i a^+m„ larctan(l) +m„+i • • • +mk larctan(l) = 27r. 

Proof. Consider any collection of ordinary lattice angles Oj (i = 1, . . . , n) and denote 

<I> = oT +1 02 +1 . . . +1 a^. 

There exist an oriented lattice broken line for the angle ^ with the signed lattice-signed sequence 
with positive elements. Hence, $ = (/? + Ott. 
If 99 = larctan(l), we have 

$ +_2 larctan(l) +_2 larctan(l) +_2 larctan(l) = 2tt. 

Then /c = n + 2, and M = (1, . . . , 1, -2, -2, -2). 

Suppose now 99 ^ larctan(l), then the following holds 

Tp +_i TT—(f +_2 larctan(l) +_2 larctan(l) = 27r. 

Consider the sail for the angle n—ip. Suppose the sequence of all its lattice points (not only 
vertices) is Bq, . . . ,Bs (with the order coinciding with the order of the sail) . Then we have 

ZBiOBi^i = larctan(l) for any i = 1, . . . , s. 

Denote by 6j the values of Isin ZBiOBi^i for i = 1, . . . ,s. Then we have 

Tp-\-^2 larctan(l) +_2 larctan(l) +_2 larctan(l) = 
ol +1 "2 +1 • • • +1 a^+-i 

larctan(l) +ft^ larctan(l) +{,2 • • • +bs larctan(l)+_2 
larctan(l) +_2 larctan(l) +_2 larctan(l) = 2tt. 

Therefore, k = n+s+3, and 

M = ( 1, 1, . . . , 1, 1 , -1, 61, . . . , 6„ -2, -2, -2). 

(n— l)-times 
The proof of Lemma A. 4 is completed. D 

Proof of the statement of the Proposition A. 3. Consider an arbitrary collection of two- 
dimensional toric algebraic singularities. Suppose that they are represented by ordinary lattice 
angles Oj (i = 1, . . . , n). By Lemma A. 4 there exist an integer k > n—1 and a k-tuple of integers 
M = {mi, . . . ,mk), such that 



(vr - Qi) -\-mi ■ ■ ■ +m„-i (vr - an) +m„ larctan(l) +m„+i • • • +mfe larctan(l) = 27r. 



ELEMENTARY NOTIONS OF LATTICE TRIGONOMETRY. 



45 



By Theorem 4.8 there exist a convex polygon P = Aq . . . A^ with angles proper lattice- 
congruent to the ordinary lattice angles Oj (z = 1, . . . ,n), and k—n+1 angles larctan(l). 

By the above, the toric variety Xp is nonsingular at points of Px \ {Aq,Ai, . . . ,Ak}. It is also 
nonsingular at the points Ai with the corresponding ordinary lattice angles lattice-congruent to 
larctan(l). The collection of the toric singularities at the remaining points coincide with the 
given collection. 

This concludes the proof of Proposition A. 3. D 

On Figure 12 we show an example of the polygon for a projective toric variety with the unique 
toric singularity, represented by the sail of larctan(7/5). The ordinary lattice angle a on the 
figure is proper lattice-congruent to larctan(7/5), the angles /3 and 7 are proper lattice-congruent 
to larctan(l). 






Figure 12. Constructing a polygon with all angles proper integer-congruent to 
larctan(l) except one angle that is proper integer-congruent to larctan(7/5). 



Appendix B. On lattice-congruence criterions for lattice triangles. Examples 

OF lattice triangles. 

Here we discuss the lattice-congruence criterions for lattice triangles. By the first criterion of 
lattice-congruence for lattice triangles we obtain that the number of all lattice-congruence classes 
for lattice triangles with bounded lattice area is finite. Further we introduce the complete list 
of lattice-congruence classes for triangles with lattice area less then or equal to 10. There are 
exactly 33 corresponding lattice-congruence classes, shown on Figure 16. 

On criterions of lattice triangle lattice-congruence. We start with the study of lattice 
analogs for the first, the second, and the third Euclidean criterions of triangle congruence. 

Statement B.l. (The first criterion of lattice triangle lattice-congruence.) Consider 
two lattice triangles A ABC and AA'B'C . Suppose that the edge AB is lattice- congruent to the 
edge A'B' , the edge AC is lattice- congruent to the edge A'C , and the ordinary angle ZCAB is 
lattice- congruent to the ordinary angle ZC'A'B', then the triangle AA'B'C' is lattice- congruent 
to the triangle A ABC. D 

It turns out that the second and the third criterions taken from Euclidean geometry do not 
hold. The following two examples illustrate these phenomena. 

Example B.2. The second criterion of triangle lattice-congruence does not hold in lattice 
geometry. On Figure 13 we show two lattice triangles AABC and AA'B'C'. The edge AB is 
lattice-congruent to the edge A'B' (here \i{A'B') = li{AB) = 4). The ordinary angle ZABC is 
lattice-congruent to the ordinary angle ZA'B'C' (since ZABC = ZA'B'C' = larctan(l)), and 
the ordinary angle ZCAB is lattice-congruent to the ordinary angle ZC'A'B' (since ZCAB = 
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ZC'A'B' ^ larctan(l)), The triangle AA'B'C is not lattice-congruent to the triangle AABC, 
since IS{AABC) = 4 and IS{AA'B'C') = 8. 





Figure 13. The second criterion of triangle lattice-congruence does not hold. 

Example B.3. The third criterion of triangle lattice-congruence does not hold in lattice ge- 
ometry. On Figure 14 we show two lattice triangles AABC and AA'B'C' . All edges of both 
triangles are lattice-congruent (of length one), but the triangles are not lattice-congruent, since 
ISiAABC) = 1 and IS{AA'B'C') = 3. 



L. 



B A 



%' 



A' 

Figure 14. The third criterion of triangle lattice-congruence does not hold. 

Instead of the second and the third criterions there exists the following additional criterion of 
lattice triangles lattice-congruence. 

Statement B.4. (An additional criterion of lattice triangle integer-congruence.) Con- 
sider two lattice triangles AABC and AA'B'C of the same lattice area. Suppose that the ordi- 
nary angle ZABC is lattice- congruent to the ordinary angle ZA'B'C , the ordinary angle ZCAB 
is lattice- congruent to the ordinary angle ZC'A'B' , the ordinary angle ZBCA is lattice- congruent 
to the ordinary angle ZB'C'A', then the triangle AA'B'C is lattice- congruent to the triangle 
AABC. D 

In the following example we show that the additional criterion of lattice triangle lattice- 
congruence is not improvable. 

Example B.5. On Figure 15 we show an example of two lattice non-equivalent triangles AABC 
and AA'B'C of the same lattice area equals 4 and the same ordinary lattice angles ZABC, 
ZCAB, and ZA'B'C, ZC'A'B' ah lattice-equivalent to the angle larctan(l), but AABC ^ 
AA'B'C. 

Examples of lattice triangles. First, we define different types of lattice triangles. 

Definition B.6. The lattice triangle AACB is called dual to the triangle AABC. 

The lattice triangle is said to be self-dual if it is lattice-congruent to the dual triangle. 

The lattice triangle is said to be pseudo-isosceles if it has at least two lattice-congruent angles. 

The lattice triangle is said to be lattice isosceles if it is pseudo-isosceles and self-dual. 
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Figure 15. The additional criterion of lattice triangle lattice-congruence is not improvable. 

The lattice triangle is said to be pseudo-regular if all its ordinary angles are lattice-congruent. 
The lattice triangle is said to be lattice regular if it is pseudo-regular and self-dual. 

On Figure 16 we show the complete list of 33 triangles representing all lattice-congruence 
classes of lattice triangles with small lattice areas not greater than 10. We enumerate the 
vertices of the triangle in the clockwise way. Near each vertex of any triangle we write the 
tangent of the corresponding ordinary angle. Inside any triangle we write its area. We draw 
dual triangles on the same light gray area (if they are not self-dual) . Lattice regular triangles are 
colored in dark grey, lattice isosceles but not lattice regular triangles are white, and the others 
are light grey. 

Appendix C. Some unsolved question on lattice trigonometry. 

We conclude this paper with a small collection of unsolved questions. 

Let us start with some questions on elementary definitions of lattice trigonometry. In this 
paper we do not show any geometrical meaning of lattice cosine. Here arise the following 
question. 

Problem 1. Find a natural description of lattice cosine for ordinary lattice angles in terms of 
lattice invariants of the corresponding sublattices. 

This problem seems to be close to the following one. 

Problem 2. Does there exist a lattice analog of the cosine formula for the angles of triangles 
in Euclidean geometry? 

Now we formulate some problems on definitions of lattice trigonometric functions for lattice 
irrational angles. 

Problem 3. a). Find a natural definition of lattice tangents for lattice L-irrational angles, and 

lattice LR-irrational angles. 

b). Find a natural definition of lattice sines and cosines for lattice irrational angles? 

Let us continue with questions on lattice analogs of classical trigonometric formulas for 
trigonometric functions of angles of triangles in Euclidean geometry. 

Problem 4. a). Knowing the lattice trigonometric functions for lattice angles a, (3 and integer 

n, find the explicit formula for the lattice trigonometric functions of the expanded lattice angle 

a+nl3. 

b). Knowing the lattice trigonometric functions for a lattice angle a, an integer m, and positive 

integer m, find the explicit formula for the lattice trigonometric functions of the expanded lattice 
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Figure 16. List of lattice triangles of lattice volume less than or equal 10. 
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angle 

I 

M,i=l 

where M = {m, . . . , m) is an n-tuple. 

The next problem is about a generalization of the statement of Theorem 2.2b to the case of n 
ordinary angles, that is important in toric geometry and theory of multidimensional continued 
fractions. 

Problem 5. Find a necessary and sufficient conditions for the existence of an n-gon with the 
given ordered sequence of ordinary lattice angles {ai, . . . ,an) and the consistent sequence of 
lattice lengths of the edges {li, . . . , In) in terms of continued fractions for n > 4. 

In Section 5, in particular, we introduced the definition of the sums of any expanded lattice 
L-irrational angle with any expanded lattice R-irrational angle. 

Problem 6. Does there exist a natural definition of the sums of 

a) any expanded lattice LR-irrational angle and any expanded lattice (irrational) angle; 

b) any expanded lattice R-irrational angle and any expanded lattice (irrational) angle; 

c) any expanded lattice (irrational) angle and any expanded lattice L-irrational angle? 

We conclude this paper with the following problem being actual in the study of expanded 
lattice irrational angles. 

Problem 7. Find an effective algorithm to verify whether two given almost-positive signed 
lattice length-sine sequences define lattice-congruent expanded lattice irrational angles, or not. 
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